


This solves the system and graphically displays the solution.

In[63]:= splitsol = NDSolve@system, Method Ø SplittingMethod, StartingStepSize Ø 1 ê 20D;

PlotSolutionOnManifold@splitsol, vars, time, UnitSphere, PlotRange Ø AllD

Out[64]=

One of the invariants is preserved up to roundoff while the error in the second invariant remains 
bounded.

In[65]:= InvariantErrorPlot@invariants, vars, T, splitsol, PlotStyle Ø 8Red, Blue<D

Out[65]=
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Components and Data Structures in 
NDSolve

Introduction

NDSolve is broken up into several basic steps. For advanced usage, it can sometimes be advan-

tageous to access components to carry out each of these steps separately.

† Equation processing and method selection

† Method initialization

† Numerical solution

† Solution processing

NDSolve  performs  each  of  these  steps  internally,  hiding  the  details  from a  casual  user.  How-

ever, for advanced usage it can sometimes be advantageous to access components to carry out

each of these steps separately.

Here are the low-level functions that are used to break up these steps.

† NDSolve`ProcessEquations

† NDSolve`Iterate

† NDSolve`ProcessSolutions

NDSolve`ProcessEquations  classifies the differential system into initial value problem, bound-

ary  value  problem,  differential-algebraic  problem,  partial  differential  problem,  etc.  It  also

chooses  appropriate  default  integration  methods  and  constructs  the  main  NDSolve`StateData

data structure.

NDSolve`Iterate  advances the numerical  solution.  The first  invocation (there can be several)

initializes the numerical integration methods.

NDSolve`ProcessSolutions converts numerical data into an InterpolatingFunction  to repre-

sent each solution.
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Note that NDSolve`ProcessEquations can take a significant portion of the overall time to solve

a  differential  system.  In  such  cases,  it  can  be  useful  to  perform  this  step  only  once  and  use

NDSolve`Reinitialize to repeatedly solve for different options or initial conditions.

Example

Process equations and set up data structures for solving the differential system.

In[1]:= ndssdata =
First@NDSolve`ProcessEquations@8y‘‘@tD + y@tD ã 0, y@0D ã 1, y‘@0D ã 0<,

8y, y‘<, t, Method Ø “ExplicitRungeKutta“DD
Out[1]= NDSolve`StateData@<0.>D

Initialize the method “ExplicitRungeKutta“ and integrate the system up to time 10. The 
return value of NDSolve`Iterate is Null in order to avoid extra references, which would lead 
to undesirable copying.

In[2]:= NDSolve`Iterate@ndssdata, 10D

Convert each set of solution data into an InterpolatingFunction.

In[3]:= ndsol = NDSolve`ProcessSolutions@ndssdataD

Out[3]= 8y Ø InterpolatingFunction@880., 10.<<, <>D, y£ Ø InterpolatingFunction@880., 10.<<, <>D<

Representing the solution as an InterpolatingFunction allows continuous output even for 
points that are not part of the numerical solution grid.

In[4]:= ParametricPlot@8y@tD, y‘@tD< ê. ndsol, 8t, 0, 10<D

Out[4]=
-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0
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Creating NDSolve`StateData Objects

ProcessEquations

The first stage of any solution using NDSolve  is processing the equations specified into a form

that  can  be  efficiently  accessed  by  the  actual  integration  algorithms.  This  stage  minimally

involves determining the differential order of each variable, making substitutions needed to get

a first-order system, solving for the time derivatives of the functions in terms of the functions,

and  forming  the  result  into  a  “NumericalFunction“  object.  If  you  want  to  save  the  time  of

repeating this process for the same set of equations or if you want more control over the numeri-

cal  integration  process,  the  processing  stage  can  be  executed  separately  with 

NDSolve`ProcessEquations.

NDSolve`ProcessEquations@8eqn1,eqn2,…<,8u1,u2,…<,tD

process the differential equations 8eqn1, eqn2, …< for the 
functions 8u1, u2, …< into a normal form; return a list of 
NDSolve`StateData objects containing the solution and 
data associated with each solution for the time derivatives 
of the functions in terms of the functions; t may be speci-
fied in a list with a range of values as in NDSolve

NDSolve`ProcessEquations@8eqn1,eqn2,…<,8u1,u2,…<,8x1,x1min,x1max<,8x2,x2min,x2max<,…D

process the partial differential equations 8eqn1, eqn2, …< 
for the functions 8u1, u2, …< into a normal form; return a 
list of NDSolve`StateData objects containing the solu-
tion and data associated with each solution for the time 
derivatives of the functions in terms of the functions; if x j 
is the temporal variable, it need not be specified with the 
boundaries x j min, x j max

Processing equations for NDSolve.

This creates a list of two NDSolve`StateData objects because there are two possible solu-
tions for the y£ in terms of y.

In[1]:= NDSolve`ProcessEquations@8y‘@xD^2 ã y@xD + x, y@0D ã 1<, y, xD

Out[1]= 8NDSolve`StateData@<0.>D, NDSolve`StateData@<0.>D<

Advanced Numerical Differential Equation Solving in Mathematica     341



Reinitialize

It is not uncommon that the solution to a more sophisticated problem involves solving the same

differential  equation repeatedly, but with different initial  conditions. In some cases, processing

equations  may  be  as  time-consuming  as  numerically  integrating  the  differential  equations.  In

these situations, it is a significant advantage to be able to simply give new initial values.

NDSolve`Reinitialize@
state,conditionsD

assuming the equations and variables are the same as the 
ones used to create the NDSolve`StateData object state, 
form a list of new NDSolve`StateData objects, one for 
each of the possible solutions for the initial values of the 
functions of the equations conditions

Reusing processed equations.

This creates an NDSolve`StateData object for the harmonic oscillator.

In[2]:= state =
First@NDSolve`ProcessEquations@8x‘‘@tD + x@tD ã 0, x@0D ã 0, x‘@0D ã 1<, x, tDD

Out[2]= NDSolve`StateData@<0.>D

This creates three new NDSolve`StateData objects, each with a different initial condition.

In[3]:= newstate = NDSolve`Reinitialize@state, 8x@1D^3 ã 1, x‘@1D ã 0<D

Out[3]= 8NDSolve`StateData@<1.>D, NDSolve`StateData@<1.>D, NDSolve`StateData@<1.>D<

Using  NDSolve`Reinitialize  may  save  computation  time  when  you  need  to  solve  the  same

differential equation for many different initial conditions, as you might in a shooting method for

boundary value problems.

A subset of NDSolve options can be specified as options to NDSolve`Reinitialize.

This creates a new NDSolve`StateData object, specifying a starting step size.

In[3]:= newstate =
NDSolve`Reinitialize@state, 8x@0D ã 0, x‘@0D ã 1<, StartingStepSize Ø 1 ê 10D

Out[3]= 8NDSolve`StateData@<0.>D<
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Iterating Solutions

One  important  use  of  NDSolve`StateData  objects  is  to  have  more  control  of  the  integration.

For some problems, it is appropriate to check the solution and start over or change parameters,

depending on certain conditions.

NDSolve`Iterate@state,tD compute the solution of the differential equation in an 
NDSolve`StateData object that has been assigned as 
the value of the variable state from the current time up to 
time t

Iterating solutions to differential equations. 

This creates an NDSolve`StateData object that contains the information needed to solve the 
equation for an oscillator with a varying coefficient using an explicit Runge|Kutta method.

In[4]:= state =
First@NDSolve`ProcessEquations@8x‘‘@tD + H1 + 4 UnitStep@Sin@tDDL x@tD ã 0,

x@0D ã 1, x‘@0D ã 0<, x, t, Method Ø “ExplicitRungeKutta“DD
Out[4]= NDSolve`StateData@<0.>D

Note that when you use NDSolve`ProcessEquations, you do not need to give the range of the

t  variable  explicitly  because  that  information  is  not  needed  to  set  up  the  equations  in  a  form

ready  to  solve.  (For  PDEs,  you  do  have  to  give  the  ranges  of  all  spatial  variables,  however,

since that information is essential for determining an appropriate discretization.)

This computes the solution out to time t = 1.

In[5]:= NDSolve`Iterate@state, 1D

NDSolve`Iterate  does  not  return  a  value  because  it  modifies  the  NDSolve`StateData  object

assigned to the variable state. Thus, the command affects the value of the variable in a manner

similar to setting parts of a list,  as described in "Manipulating Lists by Their Indices". You can

see  that  the  value  of  state  has  changed  since  it  now  displays  the  current  time  to  which  it  is

integrated.

The output form of state shows the range of times over which the solution has been integrated.

In[6]:= state

Out[6]= NDSolve`StateData@<0.,1.>D
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If  you want to integrate further,  you can call  NDSolve`Iterate  again,  but  with a larger value

for time. 

This computes the solution out to time t = 3.

In[7]:= NDSolve`Iterate@state, 3D

You can specify a time that is earlier than the first current time, in which case the integration

proceeds backwards with respect to time.

This computes the solution from the initial condition backwards to t = -p ê2.

In[8]:= NDSolve`Iterate@state, -Pi ê 2D

NDSolve`Iterate  allows  you  to  specify  intermediate  times  at  which  to  stop.  This  can  be  useful,  for

example, to avoid discontinuities. Typically,  this strategy is more effective with so-called one-step meth-

ods, such as the explicit Runge|Kutta method used in this example. However, it generally works with the
default NDSolve method as well.

This computes the solution out to t = 10 p, making sure that the solution does not have problems 
with the points of discontinuity in the coefficients at t = p, 2 p, ….

In[9]:= NDSolve`Iterate@state, p Range@10DD

Getting Solution Functions

Once you have integrated a system up to a certain time, typically you want to be able to look at

the current solution values and to generate an approximate function representing the solution

computed so far. The command NDSolve`ProcessSolutions allows you to do both.

NDSolve`ProcessSolutions@stateD give the solutions that have been computed in state as a 
list of rules with InterpolatingFunction objects

Getting solutions as InterpolatingFunction objects. 

This extracts the solution computed in the previous section as an InterpolatingFunction 
object.

In[10]:= sol = NDSolve`ProcessSolutions@stateD

Out[10]= 8x Ø InterpolatingFunction@88-1.5708, 31.4159<<, <>D<
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This plots the solution.

In[11]:= Plot@Evaluate@x@tD ê. solD, 8t, 0, 10 Pi<D

Out[11]=
5 10 15 20 25 30

-1

1

2

Just as when using NDSolve  directly, there will be a rule for each function you specified in the

second  argument  to  NDSolve`ProcessEquations.  Only  the  specified  components  of  the  solu-

tions are saved in such a way that an InterpolatingFunction object can be created.

NDSolve`ProcessSolutions@
state,dirD

give the solutions that have been most recently computed 
in direction dir in state as a list of rules with values for both 
the functions and their derivatives

Obtaining the current solution values.

This gives the current solution values and derivatives in the forward direction.

In[12]:= sol = NDSolve`ProcessSolutions@state, “Forward“D

Out[12]= 8x@31.4159D Ø 0.843755, x£@31.4159D Ø -1.20016, x££@31.4159D Ø -0.843755<

The choices you can give for the direction dir are “Forward“ and “Backward“, which refer to the

integration forward and backward from the initial condition. 

“Forward“ integration in the direction of increasing values of the 
temporal variable 

“Backward“ integration in the direction of decreasing values of the 
temporal variables

“Active“ integration in the direction that is currently being inte-
grated; typically, this value should only be called from 
method initialization that is used during an active 
integration

Integration direction specifications. 
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The  output  given  by  NDSolve`ProcessSolution  is  always  given  in  terms  of  the  dependent

variables, either at a specific value of the independent variable, or interpolated over all  of  the

saved values. This means that when a partial differential equation is being integrated, you will

get results representing the dependent variables over the spatial variables.

This computes the solution to the heat equation from time t = -1 ê4 to t = 2.

In[13]:= state = First@NDSolve`ProcessEquations@8D@u@t, xD, tD ã D@u@t, xD, x, xD,
u@0, xD ã Cos@p ê 2 xD, u@t, 0D ã 1 , u@t, 1D ã 0<, u, t, 8x, 0, 1<DD;

NDSolve`Iterate@state, 8-1 ê 4, 2<D

This gives the solution at t = 2.

In[15]:= NDSolve`ProcessSolutions@state, “Forward“D

Out[15]= 9u@2., xD Ø InterpolatingFunction@880., 1.<<, <>D@xD,

uH1,0L@2., xD Ø InterpolatingFunction@880., 1.<<, <>D@xD=

The  solution  is  given  as  an  InterpolatingFunction  object  that  interpolates  over  the  spatial

variable x.

This gives the solution at t = -1 ê4.

In[16]:= NDSolve`ProcessSolutions@state, “Backward“D

NDSolve::eerr : Warning: Scaled local spatial error estimate of 638.6378240455119`
at t = -0.25 in the direction of independent variable x
is much greater than prescribed error tolerance. Grid spacing with 15
points may be too large to achieve the desired accuracy or precision. A

singularity may have formed or you may want to specify a smaller
grid spacing using the MaxStepSize or MinPoints method options. à

Out[16]= 9u@-0.25, xD Ø InterpolatingFunction@880., 1.<<, <>D@xD,

uH1,0L@-0.25, xD Ø InterpolatingFunction@880., 1.<<, <>D@xD=

When you process  the  current  solution  for  partial  differential  equations,  the  spatial  error  esti-

mate  is  checked.  (It  is  not  generally  checked  except  when  solutions  are  produced  because

doing so would be quite time consuming.) Since it is excessive, the NDSolve::eerr message is

issued.  The  typical  association  of  the  word  "backward"  with  the  heat  equation  as  implying

instability gives a clue to what is wrong in this example. 
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Here is a plot of the solution at t = 1 ê4.

In[17]:= Plot@Evaluate@u@-0.25, xD ê. %D, 8x, 0, 1<D

Out[17]=

The plot of the solution shows that instability is indeed the problem. 

Even though the heat equation example is simple enough to know that the solution backward in

time  is  problematic,  using  NDSolve`Iterate  and  NDSolve`ProcessSolutions  to  monitor  the

solution of a PDE can be used to save computing a solution that turns out not to be as accurate

as desired. Another simple form of monitoring follows.
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Entering the following commands generates a sequence of plots showing the solution of a 
generalization of the sine-Gordon equation as it is being computed. 

In[58]:= L = -10;
state = FirstANDSolve`ProcessEquationsA9D@u@t, x, yD, t, tD ã

D@u@t, x, yD, x, xD + D@u@t, x, yD, y, yD - Sin@u@t, x, yDD,
u@0, x, yD ã ExpA-Ix2 + y2ME, Derivative@1, 0, 0D@uD@0, x, yD ã 0,
u@t, -L, yD ã u@t, L, yD, u@t, x, -LD ã u@t, x, LD=, u, t, 8x, -L, L<,

8y, -L, L<, Method Ø 8“MethodOfLines“, “SpatialDiscretization“ Ø
8“TensorProductGrid“, “DifferenceOrder“ -> “Pseudospectral“<<EE;

GraphicsGrid@Partition@Table@
NDSolve`Iterate@state, tD;
Plot3D@Evaluate@u@t, x, yD ê. NDSolve`ProcessSolutions@state, “Forward“DD,
8x, -L, L<, 8y, -L, L<, PlotRange Ø 8-1 ê 4, 1 ê 4<D,

8t, 0., 20., 5.<D, 2DD

Out[60]=

When you monitor  a  solution in  this  way,  it  is  usually  possible  to  interrupt  the computation if

you see that the solution found is sufficient. You can still use the NDSolve`StateData object to

get the solutions that have been computed.

NDSolve`StateData Methods

An  NDSolve`StateData  object  contains  a  lot  of  information,  but  it  is  arranged  in  a  manner

which  makes  it  easy  to  iterate  solutions,  and not  in  a  manner  which  makes  it  easy  to  under-

stand where the information is kept. However, sometimes you will want to get information from

the  state  data  object:  for  this  reason  several  method  functions  have  been  defined  to  make

accessing the information easy.
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stateü“TemporalVariable“ give the independent variable that the dependent variables 
(functions) depend on

stateü“DependentVariables“ give a list of the dependent variables (functions) to be 
solved for

stateü“VariableDimensions“ give the dimensions of each of the dependent variables 
(functions)

stateü“VariablePositions“ give the positions in the solution vector for each of the 
dependent variables

stateü“VariableTransformation“ give the transformation of variables from the original 
problem variables to the working variables

stateü“NumericalFunction“ give the “NumericalFunction“ object used to evaluate 
the derivatives of the solution vector with respect to the 
temporal variable t

stateü“ProcessExpression“@args,expr,dimsD

process the expression expr using the same variable 
transformations that NDSolve used to generate state to 
give a “NumericalFunction“ object for numerically 
evaluating expr; args are the arguments for the numerical 
function and should either be All or a list of arguments 
that are dependent variables of the system; dims should be 
Automatic or an explicit list giving the expected dimen-
sions of the numerical function result

stateü“SystemSize“ give the effective number of first-order ordinary differential 
equations being solved

stateü“MaxSteps“ give the maximum number of steps allowed for iterating 
the differential equations

stateü“WorkingPrecision“ give the working precision used to solve the equations

stateü“Norm“ the scaled norm to use for gauging error

General method functions for an NDSolve`StateData object state.

Much  of  the  available  information  depends  on  the  current  solution  values.  Each

NDSolve`StateData  object  keeps  solution  information  for  solutions  in  both  the  forward  and

backward direction. At the initial condition these are the same, but once the problem has been

iterated in either direction, these will be different.
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stateü“CurrentTime“@dirD give the current value of the temporal variable in the 
integration direction dir

stateü“SolutionVector“@dirD give the current value of the solution vector in the integra-
tion direction dir 

stateü“SolutionDerivativeVector“@dirD

give the current value of the derivative with respect to the 
temporal variable of the solution vector in the integration 
direction dir

stateü“TimeStep“@dirD give the time step size for the next step in the integration 
direction dir

stateü“TimeStepsUsed“@dirD give the number of time steps used to get to the current 
time in the integration direction dir

stateü“MethodData“@dirD give the method data object used in the integration direc-
tion dir

Directional method functions for an NDSolve`StateData object state.

If  the  direction  argument  is  omitted,  the  functions  will  return  a  list  with  the  data  for  both

directions (a list with a single element at the initial condition). Otherwise, the direction can be

“Forward“, “Backward“, or “Active“ as specified in the previous subsection.

Here is an NDSolve`StateData object for a solution of the nonlinear Schrodinger equation 
that has been computed up to t = 1.

In[24]:= state = First@NDSolve`ProcessEquations@
8I D@u@t, xD, tD ã D@u@t, xD, x, xD + Abs@u@t, xDD^2 u@t, xD,
u@0, xD ã Sech@xD Exp@p I xD, u@t, -15D ã u@t, 15D<,

u, t, 8x, -15, 15<, Method Ø StiffnessSwitchingDD;
NDSolve`Iterate@state, 1D;
state

Out[24]= NDSolve`StateData@<0.,1.>D

“Current” refers to the most recent point reached in the integration. 

This gives the current time in both the forward and backward directions.

In[27]:= stateü“CurrentTime“

Out[27]= 80., 1.<

This gives the size of the system of ordinary differential equations being solved.

In[28]:= stateü“SystemSize“

Out[28]= 400
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The method functions are relatively low-level hooks into the data structure; they do little pro-

cessing  on  the  data  returned  to  you.  Thus,  unlike  NDSolve`ProcessSolutions,  the  solutions

given are simply vectors of data points relating to the system of ordinary differential equations

NDSolve is solving.

This makes a plot of the modulus of current solution in the forward direction.

In[29]:= ListPlot@Abs@stateüSolutionVector@“Forward“DDD

Out[29]=

100 200 300 400

0.2

0.4

0.6

0.8

This plot does not show the correspondence with the x-grid values correctly. To get the corre-

spondence with the spatial grid correctly, you must use NDSolve`ProcessSolutions. 

There is a tremendous amount of control provided by these methods, but an exhaustive set of

examples is beyond the scope of this documentation.

One  of  the  most  important  uses  of  the  information  from  an  NDSolve`StateData  object  is  to

initialize integration methods. Examples are shown in "The NDSolve Method Plug-in Framework".

Utility Packages for Numerical Differential 
Equation Solving

InterpolatingFunctionAnatomy

NDSolve  returns  solutions  as  InterpolatingFunction  objects.  Most  of  the  time,  simply  using

these as functions does what is needed, but occasionally it  is useful to access the data inside,

which  includes  the  actual  values  and  points  NDSolve  computed  when  taking  steps.  The  exact

structure of  an InterpolatingFunction  object  is  arranged to make the data storage efficient

and evaluation at a given point fast. This structure may change between Mathematica versions,

so  code  that  is  written  in  terms  of  accessing  parts  of  
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and evaluation at a given point fast. This structure may change between Mathematica versions,

so  code  that  is  written  in  terms  of  accessing  parts  of  InterpolatingFunction

objects may not work with new versions of Mathematica. The DifferentialEquations`InterÖ

polatingFunctionAnatomy`  package  provides  an  interface  to  the  data  in  an

InterpolatingFunction object that will be maintained for future Mathematica versions.

Anatomy of InterpolatingFunction objects.

This loads the package.

In[21]:= Needs@“DifferentialEquations`InterpolatingFunctionAnatomy`“D;

One  common  situation  where  the  InterpolatingFunctionAnatomy  package  is  useful  is  when

NDSolve  cannot  compute  a  solution  over  the  full  range  of  values  that  you  specified,  and  you

want to plot all of the solution that was computed to try to understand better what might have

gone wrong.

Here is an example of a differential equation which cannot be computed up to the specified 
endpoint. 

In[2]:= ifun = First@x ê. NDSolve@8x‘@tD ã Exp@x@tDD - x@tD, x@0D ã 1<, x, 8t, 0, 10<DD

NDSolve::ndsz :
At t == 0.5160191740198964`, step size is effectively zero; singularity or stiff system suspected. à

Out[2]= InterpolatingFunction@880., 0.516019<<, <>D
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InterpolatingFunctionDomain@
ifunD

return a list with the domain of definition for each of the 
dimensions of the InterpolatingFunction object ifun

InterpolatingFunctionCoordinaÖ
tes@ifunD

return a list with the coordinates at which data is specified 
in each of the dimensions for the 
InterpolatingFunction object ifun

InterpolatingFunctionGrid@ifunD return the grid of points at which data is specified for the 
InterpolatingFunction object ifun

InterpolatingFunctionValuesOnÖ
Grid@ifunD

return the values that would be returned by evaluating the 
InterpolatingFunction object ifun at each of its grid 
points

InterpolatingFunctionInterpolÖ
ationOrder@ifunD

return the interpolation order used for each of the dimen -
sions for the InterpolatingFunction object ifun

InterpolatingFunctionDerivatiÖ
veOrder@ifunD

return the order of the derivative of the base function for 
which values are specified when evaluating the 
InterpolatingFunction object ifun



This gets the domain.

In[3]:= domain = InterpolatingFunctionDomain@ifunD

Out[3]= 880., 0.516019<<

Once the domain has been returned in a list, it is easy to use Part to get the desired endpoints 
and make the plot.

In[4]:= 8begin, end< = domain@@1DD;
Plot@ifun@tD, 8t, begin, end<D

Out[5]=
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From the plot,  it  is  quite  apparent  that  a  singularity  has formed and it  will  not  be possible  to

integrate the system any further.

Sometimes it  is  useful  to  see where NDSolve  took steps.  Getting the coordinates  is  useful  for

doing this.

This shows the values that NDSolve computed at each step it took. It is quite apparent from 
this that nearly all of the steps were used to try to resolve the singularity.

In[6]:= coords = First@InterpolatingFunctionCoordinates@ifunDD;
ListPlot@Transpose@8coords, ifun@coordsD<DD

Out[7]=
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The package is particularly useful for analyzing the computed solutions of PDEs.

With this initial condition, Burgers' equation forms a steep front.

In[8]:= mdfun =
First@u ê. NDSolve@8D@u@x, tD, tD ã 0.01 D@u@x, tD, x, xD - u@x, tD D@u@x, tD, xD,

u@0, tD ã u@1, tD, u@x, 0D ã Sin@2 Pi xD<, u, 8x, 0, 1<, 8t, 0, 0.5<DD

NDSolve::ndsz :
At t == 0.472151168326526`, step size is effectively zero; singularity or stiff system suspected. à

NDSolve::eerr : Warning: Scaled local spatial error estimate of 9.135898727911074`*^12
at t = 0.472151168326526` in the direction of independent variable x
is much greater than prescribed error tolerance. Grid spacing with 27
points may be too large to achieve the desired accuracy or precision. A

singularity may have formed or you may want to specify a smaller
grid spacing using the MaxStepSize or MinPoints method options. à

Out[8]= InterpolatingFunction@88..., 0., 1., ...<, 80., 0.472151<<, <>D

This shows the number of points used in each dimension.

In[9]:= Map@Length, InterpolatingFunctionCoordinates@mdfunDD

Out[9]= 827, 312<

This shows the interpolation order used in each dimension.

In[10]:= InterpolatingFunctionInterpolationOrder@mdfunD

Out[10]= 85, 3<

This shows that the inability to resolve the front has manifested itself as numerical instability.

In[11]:= Max@Abs@InterpolatingFunctionValuesOnGrid@mdfunDDD

Out[11]= 1.14928µ1012

This shows the values computed at the spatial grid points at the endpoint of the temporal 
integration.

In[12]:= end = InterpolatingFunctionDomain@mdfunD@@2, -1DD;
X = InterpolatingFunctionCoordinates@mdfunD@@1DD;
ListPlot@Transpose@8X, mdfun@X, endD<D,
PlotStyle Ø PointSize@.025D, PlotRange Ø 8-1, 1<D

Out[14]=
0.2 0.4 0.6 0.8 1.0

-1.0

-0.5

0.5

1.0
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It is easily seen from the point plot that the front has not been resolved.

This makes a 3D plot showing the time evolution for each of the spatial grid points. The initial 
condition is shown in red.

In[15]:= Show@Graphics3D@8Map@Line, MapThread@Append, 8InterpolatingFunctionGrid@mdfunD,
InterpolatingFunctionValuesOnGrid@mdfunD<, 2DD,

8RGBColor@1, 0, 0D, Line@Transpose@8X, 0. X, mdfun@X, 0.D<DD<<D,
BoxRatios Ø 81, 1, 1<, PlotRange Ø 8All, All, 8-1, 1<<D

Out[15]=

When  a  derivative  of  an  InterpolatingFunction  object  is  taken,  a  new

InterpolatingFunction  object is returned that gives the requested derivative when evaluated

at  a  point.  The  InterpolatingFunctionDerivativeOrder  is  a  way  of  determining  what

derivative will be evaluated.

The derivative returns a new InterpolatingFunction object.

In[16]:= dmdfun = Derivative@0, 1D@mdfunD

Out[16]= InterpolatingFunction@88..., 0., 1., ...<, 80., 0.472151<<, <>D

This shows what derivative will be evaluated.

In[17]:= InterpolatingFunctionDerivativeOrder@dmdfunD

Out[17]= Derivative@0, 1D
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NDSolveUtilities

A number of utility routines have been written to facilitate the investigation and comparison of

various  NDSolve  methods.  These  functions  have  been  collected  in  the  package

DifferentialEquations`NDSolveUtilities`.

Functions provided in the NDSolveUtilities package.

This loads the package.

In[18]:= Needs@“DifferentialEquations`NDSolveUtilities`“D

A useful means of analyzing Runge|Kutta methods is to study how they behave when applied to

a scalar linear test problem (see the package FunctionApproximations.m).

This assigns the (exact or infinitely precise) coefficients for the 2-stage implicit Runge|Kutta 
Gauss method of order 4.

In[19]:= 8amat, bvec, cvec< = NDSolve`ImplicitRungeKuttaGaussCoefficients@4, InfinityD

Out[19]= :::
1

4
,

1

12
3 - 2 3 >, :

1

12
3 + 2 3 ,

1

4
>>, :

1

2
,
1

2
>, :

1

6
3 - 3 ,

1

6
3 + 3 >>

This computes the linear stability function, which corresponds to the (2,2) Padé approximation 
to the exponential at the origin.

In[20]:= RungeKuttaLinearStabilityFunction@amat, bvec, zD

Out[20]=
1 +

z

2
+

z2

12

1 -
z

2
+

z2

12
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CompareMethods@
sys,refsol,methods,optsD

return statistics for various methods applied to the system 
sys

FinalSolutions@sys,solsD return the solution values at the end of the numerical 
integration for various solutions sols  corresponding to the 
system sys

InvariantErrorPlot@
invts,dvars,ivar,sol,optsD

return a plot of the error in the invariants invts for the 
solution sol

RungeKuttaLinearStabilityFuncÖ
tion@amat,bvec,varD

return the linear stability function for the Runge|Kutta 
method with coefficient matrix amat and weight vector bvec 
using the variable var

StepDataPlot@sols,optsD return plots of the step sizes taken for the solutions sols on 
a logarithmic scale



Examples  of  the  functions  CompareMethods,  FinalSolutions,  RungeKuttaLinearStabilityÖ

Function, and StepDataPlot can be found within "ExplicitRungeKutta Method for NDSolve".

Examples  of  the  function  InvariantErrorPlot  can  be  found  within  "Projection  Method  for

NDSolve".

InvariantErrorPlot Options

The  function  InvariantErrorPlot  has  a  number  of  options  that  can  be  used  to  control  the

form of the result.

option name default value

InvariantDimensions Automatic specify the dimensions of the invariants

InvariantErrorFunction AbsASubtract@
Ò1,Ò2DE&

specify the function to use for comparing 
errors

InvariantErrorSampleRate Automatic specify how often errors are sampled

Options of the function InvariantErrorPlot. 

The default value for InvariantDimensions is to determine the dimensions from the structure

of the input, Dimensions@invtsD.

The default value for InvariantErrorFunction is a function to compute the absolute error.

The default value for InvariantErrorSampleRate  is to sample all  points if  there are less than

1000 steps taken. Above this threshold a logarithmic sample rate is used.
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