








Here is a function with several local minima that are all different depths and are generally 
difficult to optimize. 

In[72]:= Clear@a, fD;
a = Reverse êü Distribute@88-32, -16, 0, 16, 32<, 8-32, -16, 0, 16, 32<<, ListD;
f = 1 ê H0.002 + Plus üü MapIndexed@1 ê HÒ2P1T + Plus üü HH8x, y< - Ò1L^6LL &, aDL;
Plot3D@f, 8x, -50, 50<, 8y, -50, 50<, Mesh Ø None,
NormalsFunction Ø "Weighted", PlotPoints Ø 50D

Out[72]=

With the default number of SearchPoints, sometimes the minimum is not found. 

In[73]:= Do@Print@NMinimize@f, 88x, -50, 50<, 8y, -50, 50<<,
Method Ø 8"RandomSearch", "RandomSeed" Ø i<DD, 8i, 5<D

81.99203, 8x Ø -15.9864, y Ø -31.9703<<

81.99203, 8x Ø -15.9864, y Ø -31.9703<<

80.998004, 8x Ø -31.9783, y Ø -31.9783<<

81.99203, 8x Ø -15.9864, y Ø -31.9703<<

80.998004, 8x Ø -31.9783, y Ø -31.9783<<

Using many more SearchPoints produces better answers. 

In[74]:= Do@Print@NMinimize@f, 88x, -50, 50<, 8y, -50, 50<<,
Method Ø 8"RandomSearch", "SearchPoints" Ø 100, "RandomSeed" Ø i<DD, 8i, 5<D

80.998004, 8x Ø -31.9783, y Ø -31.9783<<

80.998004, 8x Ø -31.9783, y Ø -31.9783<<

80.998004, 8x Ø -31.9783, y Ø -31.9783<<

80.998004, 8x Ø -31.9783, y Ø -31.9783<<

80.998004, 8x Ø -31.9783, y Ø -31.9783<<
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Here points are generated on a grid for use as initial points. 

In[75]:= NMinimize@f, 88x, -50, 50<, 8y, -50, 50<<, Method Ø 8"RandomSearch",
"InitialPoints" Ø Flatten@Table@8i, j<, 8i, -45, 45, 5<, 8j, -45, 45, 5<D, 1D<D

Out[75]= 80.998004, 8x Ø -31.9783, y Ø -31.9783<<

This uses nonlinear interior point methods to find the minimum of a sum of squares.

In[76]:= n = 10;
f = SumAHx@iD - Sin@iDL2, 8i, 1, n<E;
c = Table@-0.5 < x@iD < 0.5, 8i, n<D;
v = Array@x, nD;
Timing@NMinimize@8f, c<, v, Method Ø 8"RandomSearch", Method Ø "InteriorPoint"<DD

Out[80]= 88.25876, 80.82674, 8x@1D Ø 0.5, x@2D Ø 0.5, x@3D Ø 0.14112, x@4D Ø -0.5,
x@5D Ø -0.5, x@6D Ø -0.279415, x@7D Ø 0.5, x@8D Ø 0.5, x@9D Ø 0.412118, x@10D Ø -0.5<<<

For some classes of problems, limiting the number of SearchPoints can be much faster 
without affecting the quality of the solution.

In[81]:= Timing@NMinimize@8f, c<, v,
Method Ø 8"RandomSearch", Method Ø "InteriorPoint", "SearchPoints" Ø 1<DD

Out[81]= 80.320425, 80.82674, 8x@1D Ø 0.5, x@2D Ø 0.5, x@3D Ø 0.14112, x@4D Ø -0.5,
x@5D Ø -0.5, x@6D Ø -0.279415, x@7D Ø 0.5, x@8D Ø 0.5, x@9D Ø 0.412118, x@10D Ø -0.5<<<

Exact Global Optimization

Introduction

Exact global optimization problems can be solved exactly using Minimize and Maximize. 

This computes the radius of the circle, centered at the origin, circumscribed about the set 
x4 + 3 y4 § 7.

In[1]:= MaximizeB: x2 + y2 , x4 + 3 y4 § 7>, 8x, y<F

Out[1]= : 2
7

3

1ë4

, 9x Ø RootA-21 + 4 Ò14 &, 1E, y Ø RootA-7 + 12 Ò14 &, 1E=>
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This computes the radius of the circle, centered at the origin, circumscribed about the set 
a x2 + b y2 § 1 as a function of the parameters a and b.

In[2]:= MaximizeB: x2 + y2 , a x2 + b y2 § 1>, 8x, y<F

Out[2]= :

1

a
Hb > 0 && a ã bL »» Hb > 0 && 0 < a < bL

1

a-b
b > 0 && a ã 2 b

1

b
Hb > 0 && a > 2 bL »» Hb > 0 && b < a < 2 bL

¶ True

,

:x Ø

0 Hb > 0 && a ã 2 bL »» Hb > 0 && a > 2 bL »» Hb > 0 && b < a < 2 bL

-
1

a
b > 0 && 0 < a < b

-

1

a

2
b > 0 && a ã b

Indeterminate True

,

y Ø

0 b > 0 && 0 < a < b

-
1

2
3 1

a
b > 0 && a ã b

-
1

a-b
b > 0 && a ã 2 b

-
1

b
Hb > 0 && a > 2 bL »» Hb > 0 && b < a < 2 bL

Indeterminate True

>>

Algorithms

Depending on the type of problem, several different algorithms can be used. 

The most general method is based on the cylindrical algebraic decomposition (CAD) algorithm.

It  applies  when  the  objective  function  and  the  constraints  are  real  algebraic  functions.  The

method  can  always  compute  global  extrema  (or  extremal  values,  if  the  extrema  are  not

attained).  If  parameters  are  present,  the  extrema  can  be  computed  as  piecewise-algebraic

functions of the parameters. A downside of the method is its high, doubly exponential complex-

ity in the number of variables. In certain special cases not involving parameters, faster methods

can be used.

When  the  objective  function  and  all  constraints  are  linear  with  rational  number  coefficients,

global extrema can be computed exactly using the simplex algorithm.

For  univariate  problems,  equation  and  inequality  solving  methods  are  used  to  find  the  con-

straint solution set and discontinuity points and zeros of the derivative of the objective function

within the set.
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For  univariate  problems,  equation  and  inequality  solving  methods  are  used  to  find  the  con-

straint solution set and discontinuity points and zeros of the derivative of the objective function

within the set.

Another approach to finding global extrema is to find all the local extrema, using the Lagrange

multipliers or the Karush|Kuhn|Tucker (KKT) conditions, and pick the smallest (or the greatest).

However, for a fully automatic method, there are additional complications. In addition to solving

the necessary conditions for local extrema, it needs to check smoothness of the objective func-

tion and smoothness and nondegeneracy of the constraints. It also needs to check for extrema

at  the boundary of  the set  defined by the constraints  and at  infinity,  if  the set  is  unbounded.

This  in  general  requires  exact  solving of  systems of  equations  and inequalities  over  the  reals,

which  may  lead  to  CAD  computations  that  are  harder  than  in  the  optimization  by  CAD  algo-

rithm. Currently Mathematica uses Lagrange multipliers only for equational constraints within a

bounded box. The method also requires that the number of stationary points and the number of

singular  points  of  the  constraints  be  finite.  An  advantage  of  this  method  over  the  CAD-based

algorithm is that it can solve some transcendental problems, as long as they lead to systems of

equations that Mathematica can solve. 

Optimization by Cylindrical Algebraic Decomposition

Examples

This finds the point on the cubic curve x3 - x + y2  1
4
 which is closest to the origin. 

In[3]:= MinimizeB:x2 + y2, x3 + y2 - x ã
1

4
>, 8x, y<F

Out[3]= 9RootA-1 + 16 Ò1 - 32 Ò12 + 16 Ò13 &, 1E, 9x Ø RootA-1 - 4 Ò1 + 4 Ò13 &, 2E, y Ø 0==

This finds the point on the cubic curve x3 - x + y2  a which is closest to the origin, as a function 
of the parameter a. 

In[4]:= min = MinimizeA9x2 + y2, x3 + y2 - x ã a=, 8x, y<E

Out[4]= :

1

9
a ã

8

27

1

27
H-5 + 27 aL 8

27
< a §

80

27

RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E True

,

: , y Ø
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Out[4]=

:x Ø

-
1

3
a ã

8

27
»»

8

27
< a §

80

27

RootA-a + RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E - Ò1 - Ò12 + Ò13 &, 1E a >
80

27
»» a < -

2

3 3

RootA-a + RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E - Ò1 - Ò12 + Ò13 &, 2E True

, y Ø

0 a ã
8

27

- -
8

27
+ a 8

27
< a §

80

27

--Ja + RootA-a + RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E - Ò1 - Ò12 + Ò13 &, 1E -

RootA-a + RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E - Ò1 - Ò12 + Ò13 &, 1E
3
N

a >
80

27
»» a < -

3 

--Ja + RootA-a + RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E - Ò1 - Ò12 + Ò13 &, 2E -

RootA-a + RootA-a2 + Ò1 - 2 Ò12 + Ò13 &, 1E - Ò1 - Ò12 + Ò13 &, 2E
3
N

True

>>

This visualization shows the point on the cubic curve x3 - x + y2  a which is closest to the origin, 
and the distance m of the point from the origin. The value of parameter a can be modified using 
the slider. The visualization uses the minimum computed by Minimize. 

In[5]:= plot@a_D := ContourPlotAx3 + y2 - x ã a,
8x, -3, 3<, 8y, -3, 3<, PlotRange -> 88-3, 3<, 8-3, 3<<E;

minval@a_D := Evaluate@min@@1DDD
minpt@a_D := Evaluate@min@@2DDD
mmark = Graphics@Text@Style@"m=", 10D, 81.25, 2.5<DD;
mvalue@a_D :=

Graphics@Text@Style@PaddedForm@minval@aD, 85, 3<D, 10D, 82, 2.5<DD;
amark = Graphics@Text@Style@"a=", 10D, 81.25, 2.8<DD;
avalue@a_D := Graphics@Text@Style@PaddedForm@a, 85, 3<D, 10D, 82, 2.8<DD;
mpoint@a_D := Graphics@8PointSize@0.03D, Red, Point@Re@8x, y< ê. minpt@aDDD<D;
Manipulate@Show@8plot@aD, amark, avalue@aD, mmark, mvalue@aD, mpoint@aD<D,
88a, 4.5<, -5, 5<, SaveDefinitions Ø TrueD

Out[13]=

a

a= 4.500
m= 3.430

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

Customized CAD Algorithm for Optimization
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Customized CAD Algorithm for Optimization

The cylindrical algebraic decomposition (CAD) algorithm is available in Mathematica  directly as

CylindricalDecomposition.  The  algorithm  is  described  in  more  detail  in  "Real  Polynomial

Systems".  The  following  describes  how  to  customize  the  CAD  algorithm  to  solve  the  global

optimization problem.

Reduction to Minimizing a Coordinate Function

Suppose it is required to minimize an algebraic function f Hx, tL over the solution sets of algebraic

constraints  FHx, tL,  where  x  is  a  vector  of  variables  and t  is  a  vector  of  parameters.  Let  y  be  a

new variable. The minimization of f  over the constraints F is equivalent to the minimization of

the coordinate function y over the semialgebraic set given by y f Hx, tL Ï FHx, tL.

If f  happens to be a monotonic function of one variable x1, a new variable is not needed, as x1
can be minimized instead.

The Projection Phase of CAD

The variables are projected, with x first, then the new variable y, and then the parameters t.

If algebraic functions are present, they are replaced with new variables; equations and inequali-

ties  satisfied  by  the  new  variables  are  added.  The  variables  replacing  algebraic  functions  are

projected first. They also require special handling in the lifting phase of the algorithm.

Projection operator improvements by Hong, McCallum, and Brown can be used here, including

the use of equational constraints. Note that if a new variable needs to be introduced, there is at

least one equational constraint, namely yã f .

The Lifting Phase of CAD

The  parameters  t  are  lifted  first,  constructing  the  algebraic  function  equation  and  inequality

description  of  the  cells.  If  there  are  constraints  that  depend  only  on  parameters  and  you  can

determine  that  F  is  identically  false  over  a  parameter  cell,  you  do  not  need  to  lift  this  cell

further.

When lifting  the  minimization  variable  y,  you  start  with  the  smallest  values  of  y,  and  proceed

(lifting the remaining variables in the depth-first manner) until  you find the first cell  for which

the  constraints  are  satisfied.  If  this  cell  corresponds  to  a  root  of  a  projection  polynomial  in  y,

the root is the minimum value of f , and the coordinates corresponding to x of any point in the

cell give a point at which the minimum is attained. If parameters are present, you get a paramet-

ric description of a point in the cell in terms of roots of polynomials bounding the cell. If there

are no parameters, you can simply give the sample point used by the CAD algorithm. If the first

cell  satisfying the constraints corresponds to an interval Hr, sL,  where r  is a root of a projection

polynomial  in  y,  then  r  is  the  infimum of  values  of  f ,  and  the  infimum value  is  not  attained.

Finally,  if  the  first  cell  satisfying  the  constraints  corresponds  to  an  interval  H-¶, sL,  f  is

unbounded from below.
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When lifting  the  minimization  variable  y,  you  start  with  the  smallest  values  of  y,  and  proceed

(lifting the remaining variables in the depth-first manner) until  you find the first cell  for which

the  constraints  are  satisfied.  If  this  cell  corresponds  to  a  root  of  a  projection  polynomial  in  y,

the root is the minimum value of f , and the coordinates corresponding to x of any point in the

cell give a point at which the minimum is attained. If parameters are present, you get a paramet -

ric description of a point in the cell in terms of roots of polynomials bounding the cell. If there

are no parameters, you can simply give the sample point used by the CAD algorithm. If the first

cell  satisfying the constraints corresponds to an interval Hr, sL,  where r  is a root of a projection

polynomial  in  y,  then  r  is  the  infimum of  values  of  f ,  and  the  infimum value  is  not  attained.

Finally,  if  the  first  cell  satisfying  the  constraints  corresponds  to  an  interval  H-¶, sL,  f  is

unbounded from below.

Strict Inequality Constraints

If  there  are  no  parameters,  all  constraints  are  strict  inequalities,  and  you  only  need  the

extremum value,  then  a  significantly  simpler  version  of  the  algorithm  can  be  used.  (You  can

safely make inequality constraints strict if you know that C Œ intHCL, where C is the solution set of

the  constraints.)  In  this  case  many  lower-dimensional  cells  can  be  disregarded;  hence,  the

projection may only consist of the leading coefficients, the resultants, and the discriminants. In

the  lifting  phase,  only  full-dimensional  cells  need  be  constructed;  hence,  there  is  no  need  for

algebraic number computations.

Experimental`Infimum@8 f,cons<,8x,y,…<D

find the infimum of values of f  on the set of points satisfy -
ing the constraints cons.

Experimental`Supremum@8 f,cons<,8x,y,…<D

find the supremum of values of f  on the set of points 
satisfying the constraints cons.

Finding extremum values.

This finds the smallest ball centered at the origin which contains the set bounded by the surface 
x4 - y z x + 2 y4 + 3 z4  1. A full Maximize call with the same input did not finish in 10 minutes.

In[14]:= Experimental`SupremumA9x2 + y2 + z2, x4 + 2 y4 + 3 z4 - x y z < 1=, 8x, y, z<E êê Timing

Out[14]= 94.813, -RootA-1 341154819099 - 114665074208 Ò1 + 4968163024164 Ò12 +

288926451967 Ò13 - 7172215018940 Ò14 - 240349978752 Ò15 + 5066800071680 Ò16 +

69844008960 Ò17 - 1756156133376 Ò18 - 2717908992 Ò19 + 239175991296 Ò110 &, 1E=

Linear Optimization
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Linear Optimization

When  the  objective  function  and  all  constraints  are  linear,  global  extrema  can  be  computed

exactly using the simplex algorithm.

This solves a random linear minimization problem with ten variables.

In[15]:= SeedRandom@1D; n = 10;
A = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<, 8n<D;
B = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<, 8n<D;
a = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<D;
b = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<D;
g = Table@RandomInteger@8-1000, 1000<D, 8n<D;
X = x êü Range@nD;
Minimize@8g.X, And üü Thread@A.X ã aD && And üü Thread@b § B.X § b + 100D<, XD

Out[22]= :
6053416204117714679590329859484149

1194791208768786909167074679920
,

:x@1D Ø
1231164669474551725622041404999

1194791208768786909167074679920
, x@2D Ø -

1324409686130055761704674699781

597395604384393454583537339960
,

x@3D Ø
33103498981835356980792655092

74674450548049181822942167495
, x@4D Ø -

859057104531672755759277109213

597395604384393454583537339960
,

x@5D Ø -
1101359025510393235751743044237

1194791208768786909167074679920
, x@6D Ø

681114758987787242569015281099

597395604384393454583537339960
,

x@7D Ø
3008784898283435639647867743

14934890109609836364588433499
, x@8D Ø

656889989559037679422691779229

597395604384393454583537339960
,

x@9D Ø
1769243029064640615513519505823

597395604384393454583537339960
, x@10D Ø

699425860731183550585590812579

1194791208768786909167074679920
>>

Optimization problems where the objective is a fraction of linear functions and the constraints 
are linear (linear fractional programs) reduce to linear optimization problems. This solves a 
random linear fractional minimization problem with ten variables.

In[23]:= SeedRandom@2D; n = 10;
A = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<, 8n<D;
B = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<, 8n<D;
a = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<D;
b = Table@RandomInteger@8-1000, 1000<D, 8n ê 2<D;
g = Table@RandomInteger@8-1000, 1000<D, 8n<D;
d = Table@RandomInteger@8-1000, 1000<D, 8n<D;
X = x êü Range@nD;
Minimize@8g.X ê d.X, And üü Thread@A.X ã aD && And üü Thread@b § B.X § b + 100D<, XD

Out[31]= :-
1286274653702415809313525025452519

437743412320661916541674600912158
,

:x@1D Ø
611767491996227433062183883923

599276957533098032663796688622
, x@2D Ø

2665078586976600235350409286849

1198553915066196065327593377244
,

x@3D Ø -
215391679158483849611061030533

299638478766549016331898344311
, x@4D Ø

1477394491589036027204142993013

599276957533098032663796688622
,
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Out[31]=

x@5D Ø
473657331854113835444689628600

299638478766549016331898344311
, x@6D Ø -

955420726065204315229251112109

599276957533098032663796688622
,

x@7D Ø
265603080958760324085018021123

1198553915066196065327593377244
, x@8D Ø -

447840634450080124431365644067

599276957533098032663796688622
,

x@9D Ø -
2155930215697442604517040669063

1198553915066196065327593377244
, x@10D Ø

18201652848869287002844477177

299638478766549016331898344311
>>

Univariate Optimization

For  univariate  problems,  equation  and  inequality  solving  methods  are  used  to  find  the  con-

straint solution set and discontinuity points and zeros of the derivative of the objective function

within the set.

This solves a univariate optimization problem with a transcendental objective function.

In[32]:= m = MinimizeAx2 + 2x, xE

Out[32]= :2
-
ProductLogB

Log@2D2

2
F

LogA2E +
ProductLogB Log@2D2

2
F
2

Log@2D2
, :x Ø -

ProductLogB Log@2D2

2
F

Log@2D
>>

Here is a visualization of the minimum found.

In[33]:= ShowA9PlotAx2 + 2x, 8x, -1, 1<E,
Graphics@8PointSize@0.02D, Red, Point@N@8x ê. m@@2DD, m@@1DD<DD<D=E

Out[33]=

-1.0 -0.5 0.5 1.0

1.5

2.0

2.5

3.0

Here Mathematica recognizes that the objective functions and the constraints are periodic.

In[34]:= MinimizeB:TanB2 x -
p

2
F
2

, -
1

2
§ Sin@xD §

1

2
>, xF

Out[34]= :
1

3
, :x Ø

p

6
>>

Optimization by Finding Stationary and Singular 
Points
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Optimization by Finding Stationary and Singular 
Points

Here is an example where the minimum is attained at a singular point of the constraints.

In[35]:= m = MinimizeA9y, y3 ã x2 && -2 § x § 2 && -2 § y § 2=, 8x, y<E

Out[35]= 80, 8x Ø 0, y Ø 0<<

In[36]:= ShowA9ContourPlotAy3 ã x2, 8x, -2, 2<, 8y, -0.5, 2<E,
Graphics@8PointSize@0.02D, Red, Point@8x, y< ê. m@@2DDD<D=E

Out[36]=

-2 -1 0 1 2
-0.5

0.0

0.5

1.0

1.5

2.0

The maximum of the same objective function is attained on the boundary of the set defined by 
the constraints.

In[37]:= m = MaximizeA9y, y3 ã x2 && -2 § x § 2 && -2 § y § 2=, 8x, y<E

Out[37]= 9RootA-4 + Ò13 &, 1E, 9x Ø -2, y Ø RootA-4 + Ò13 &, 1E==

In[38]:= ShowA9ContourPlotAy3 ã x2, 8x, -2, 2<, 8y, -0.5, 2<E,
Graphics@8PointSize@0.02D, Red, Point@8x, y< ê. m@@2DDD<D=E

Out[38]=

-2 -1 0 1 2
-0.5

0.0

0.5

1.0

1.5

2.0

There are no stationary points in this example.
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There are no stationary points in this example.

In[39]:= ReduceAy3 ã x2 && -2 x l ã 0 && 1 + 3 y2 l ã 0, 8x, y, l<E

Out[39]= False

Here is a set of 3-dimensional examples with the same constraints. Depending on the objective

function, the maximum is attained at a stationary point of the objective function on the solution

set  of  the  constraints,  at  a  stationary  point  of  the  restriction  of  the  objective  function  to  the

boundary  of  the  solution  set  of  the  constraints,  and  at  the  boundary  of  the  boundary  of  the

solution set of the constraints.

Here the maximum is attained at a stationary point of the objective function on the solution set 
of the constraints.

In[40]:= m = MaximizeAx + y + z, x2 + y2 + z2 ã 9 && -2 § x § 2 && -2 § y § 2 && -2 § z § 2, 8x, y, z<E

Out[40]= :3 3 , :x Ø 3 , y Ø 3 , z Ø 3 >>

In[41]:= ShowA9ContourPlot3DAx2 + y2 + z2 - 9 ã 0, 8x, -2, 2<, 8y, -2, 2<, 8z, -2, 2<E,
Graphics3D@8PointSize@0.03D, Red, Point@8x, y, z< ê. m@@2DDD<D=,

ViewPoint Ø 83, 3, 3<E

Out[41]=

Here the maximum is attained at a stationary point of the restriction of the objective function to 
the boundary of the solution set of the constraints.

In[42]:= m = MaximizeAx + y + 2 z, x2 + y2 + z2 ã 9 && -2 § x § 2 && -2 § y § 2 && -2 § z § 2, 8x, y, z<E

Out[42]= :4 + 10 , :x Ø
5

2
, y Ø

5

2
, z Ø 2>>
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In[43]:= ShowA9ContourPlot3DAx2 + y2 + z2 - 9 ã 0, 8x, -2, 2<, 8y, -2, 2<, 8z, -2, 2<E,
Graphics3D@8PointSize@0.03D, Red, Point@8x, y, z< ê. m@@2DDD<D=,

ViewPoint Ø 83, 7, 7<E

Out[43]=

Here the maximum is attained at the boundary of the boundary of the solution set of the 
constraints.

In[44]:= m = MaximizeAx + 2 y + 2 z, x2 + y2 + z2 ã 9 && -2 § x § 2 && -2 § y § 2 && -2 § z § 2, 8x, y, z<E

Out[44]= 89, 8x Ø 1, y Ø 2, z Ø 2<<

In[45]:= ShowA9ContourPlot3DAx2 + y2 + z2 - 9 ã 0, 8x, -2, 2<, 8y, -2, 2<, 8z, -2, 2<E,
Graphics3D@8PointSize@0.03D, Red, Point@8x, y, z< ê. m@@2DDD<D=E

Out[45]=
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The Lagrange multiplier method works for some optimization problems involving transcendental 
functions.

In[46]:= MinimizeA9y + Sin@10 xD, y3 ã Cos@5 xD && -5 § x § 5 && -5 § y § 5=, 8x, y<E

Minimize::ztest : Unable to decide whether numeric quantities
8Sin@4 Hp-ArcTan@AlgebraicNumber@á2àDDLD-Sin@4 H2 p-ArcTan@á1àDLD,á5à, Sin@4 Hp-ArcTan@

AlgebraicNumber@á2àDDLD+Sin@á1àD<

are equal to zero. Assuming they are.

Out[46]= :AlgebraicNumberB

RootA43 046721 - 95659380 Ò12 - 59049 Ò13 + 78653268 Ò14 - 32805 Ò15 - 29052108 Ò16 - 7290 Ò17 +

4763286 Ò18 - 810 Ò19 - 358668 Ò110 - 45 Ò111 + 11988 Ò112 - Ò113 - 180 Ò114 + Ò116 &, 6E,

:0,
2825

256
,

1

81
, -

10645

768
,

1271

186624
,
117277

20736
,

421

279936
, -

177851

186624
,

157

944784
,

13523

186624
,

625

68024448
, -

36749

15116544
,

83

408146688
,

4975

136048896
, 0, -

83

408146688
>F - SinB

4 p - ArcTanBAlgebraicNumberBRootA43 046721 - 95659380 Ò12 - 59049 Ò13 + 78653268 Ò14 - 32805 Ò15 -

29052108 Ò16 - 7290 Ò17 + 4763286 Ò18 - 810 Ò19 - 358668 Ò110 - 45 Ò111 + 11988 Ò112 -

Ò113 - 180 Ò114 + Ò116 &, 6E, :0,
1

3
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0>FF F,

:x Ø -
2

5
p - ArcTanBAlgebraicNumberBRootA43 046721 - 95659380 Ò12 - 59049 Ò13 + 78653268 Ò14 -

32805 Ò15 - 29052108 Ò16 - 7290 Ò17 + 4763286 Ò18 - 810 Ò19 - 358668 Ò110 - 45 Ò111 + 11988

Ò112 - Ò113 - 180 Ò114 + Ò116 &, 6E, :0,
1

3
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0>FF ,

y Ø AlgebraicNumberBRootA43 046721 - 95659380 Ò12 - 59049 Ò13 + 78653268 Ò14 -

32805 Ò15 - 29052108 Ò16 - 7290 Ò17 + 4763286 Ò18 - 810 Ò19 -

358668 Ò110 - 45 Ò111 + 11988 Ò112 - Ò113 - 180 Ò114 + Ò116 &, 6E,

:0,
2825

256
,

1

81
, -

10645

768
,

1271

186624
,
117277

20736
,

421

279936
, -

177851

186624
,

157

944784
,

13523

186624
,

625

68024448
, -

36749

15116544
,

83

408146688
,

4975

136048896
, 0, -

83

408146688
>F>>

In[47]:= N@%, 20D

Out[47]= 8-1.9007500346675151230, 8x Ø -0.77209298024514961134, y Ø -0.90958837944086038552<<

Constrained Optimization     65



Optimization over the Integers

Integer Linear Programming

An integer linear programming problem is an optimization problem in which the objective func-

tion is linear, the constraints are linear and bounded, and the variables range over the integers.

To  solve  an  integer  linear  programming  problem Mathematica  first  solves  the  equational  con-

straints, reducing the problem to one containing inequality constraints only. Then it uses lattice

reduction techniques to put the inequality system in a simpler form. Finally, it solves the simpli-

fied optimization problem using a branch-and-bound method.

This solves a randomly generated integer linear programming problem with 7 variables.

In[48]:= SeedRandom@1D;
A = Table@RandomInteger@8-1000, 1000<D, 83<, 87<D;
a = Table@RandomInteger@8-1000, 1000<D, 83<D;
B = Table@RandomInteger@8-1000, 1000<D, 83<, 87<D;
b = Table@RandomInteger@8-1000, 1000<D, 83<D;
g = Table@RandomInteger@8-1000, 1000<D, 87<D;
X = x êü Range@7D;
eqns = And üü Thread@A.X ã aD;
ineqs = And üü Thread@B.X § bD;
bds = And üü Thread@X ¥ 0D && Total@XD § 10100;
Minimize@8g.X, eqns && ineqs && bds && X œ Integers<, XD

Out[58]= 8448932, 8x@1D Ø 990, x@2D Ø 1205, x@3D Ø 219, x@4D Ø 60, x@5D Ø 823, x@6D Ø 137, x@7D Ø 34<<

Optimization over the Reals Combined with Integer Solution 
Finding

Suppose a  function f œ@xD  needs to  be minimized over  the integer  solution  set  of  constraints

FHxL. Let m be the minimum of f  over the real solution set of FHxL. If there exists an integer point

satisfying f HxL `mp Ï FHxL, then `mp is the minimum of f  over the integer solution set of F. Other-

wise you try to find an integer solution of f HxL `mp + 1 Ï FHxL, and so on. This heuristic works if

you can solve the real  optimization problem and all  the integer solution finding problems, and

you can find an integer solution within a predefined number of attempts. (By default Mathemat-

ica  tries  10  candidate  optimum  values.  This  can  be  changed  using  the

IntegerOptimumCandidates system option.)
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This finds a point with integer coordinates maximizing x + y among the points lying below the 
cubic x3 + y3  1000.

In[59]:= m = MaximizeA9x + y, x3 + y3 § 1000 && Hx yL œ Integers=, 8x, y<E

Out[59]= 815, 8x Ø 6, y Ø 9<<

In[60]:= ShowA9ContourPlotAx3 + y3 ã 1000, 8x, -20, 20<, 8y, -20, 20<E,
Graphics@8PointSize@0.02D, Red, Point@8x, y< ê. m@@2DDD<D=E

Out[60]=

-20 -10 0 10 20
-20

-10

0

10

20

Comparison of Constrained Optimization 
Functions

NMinimize,  NMaximize,  Minimize  and  Maximize  employ  global  optimization  algorithms,  and

are thus suitable when a global optimum is needed.

Minimize  and  Maximize  can  find  exact  global  optima  for  a  class  of  optimization  problems

containing  arbitrary  polynomial  problems.  However,  the  algorithms  used  have  a  very  high

asymptotic  complexity  and  therefore  are  suitable  only  for  problems  with  a  small  number  of

variables. 

Maximize always finds a global maximum, even in cases that are numerically unstable. The 
left-hand side of the constraint here is Ix2 + y2 - 1010M2 Ix2 + y2M.

In[1]:= MaximizeA9x + y,
100000000000000000000 x2 - 20000000000 x4 + x6 + 100000000000000000000 y2 -

40000000000 x2 y2 + 3 x4 y2 - 20000000000 y4 + 3 x2 y4 + y6 § 1=, 8x, y<E êê N@Ò, 20D &

Out[1]= 8141421.35623730957559, 8x Ø 70710.678118654787795, y Ø 70710.678118654787795<<

This input differs from the previous one only in the twenty-first decimal digit, but the answer is 
quite different, especially the location of the maximum point. For an algorithm using 16 digits of 
precision both problems look the same, hence it cannot possibly solve them both correctly.

Constrained Optimization     67



This input differs from the previous one only in the twenty-first decimal digit, but the answer is 
quite different, especially the location of the maximum point. For an algorithm using 16 digits of 
precision both problems look the same, hence it cannot possibly solve them both correctly.

In[2]:= MaximizeA9x + y,
100000000000000000001 x2 - 20000000000 x4 + x6 + 100000000000000000000 y2 -

40000000000 x2 y2 + 3 x4 y2 - 20000000000 y4 + 3 x2 y4 + y6 § 1=, 8x, y<E êê N@Ò, 20D &

Out[2]= 8100000.99999500000000, 8x Ø 1.0000000000000000000, y Ø 99999.999995000000000<<

NMaximize, which by default uses machine-precision numbers, is not able to solve either of the 
problems.

In[3]:= NMaximizeA
9x + y, 100000000000000000000 x2 - 20000000000 x4 + x6 + 100000000000000000000 y2 -

40000000000 x2 y2 + 3 x4 y2 - 20000000000 y4 + 3 x2 y4 + y6 § 1=, 8x, y<E

NMaximize::incst :
NMaximize was unable to generate any initial points satisfying the inequality constraints

9-1+100000000000000000000 x2 -20000000000 x4 +x6 +100000000000000000000 y2 -á1à+

3 x4 y2 -20000000000 y4 +3 x2 y4 +y6 § 0=. The initial
region specified may not contain any feasible points. Changing the initial
region or specifying explicit initial points may provide a better solution. à

Out[3]= 91.35248µ10-10, 9x Ø 4.69644µ10-11, y Ø 8.82834µ10-11==

In[4]:= NMaximizeA
9x + y, 100000000000000000001 x2 - 20000000000 x4 + x6 + 100000000000000000000 y2 -

40000000000 x2 y2 + 3 x4 y2 - 20000000000 y4 + 3 x2 y4 + y6 § 1=, 8x, y<E

NMaximize::incst :
NMaximize was unable to generate any initial points satisfying the inequality constraints

9-1+100000000000000000001 x2 -20000000000 x4 +x6 +100000000000000000000 y2 -á1à+

3 x4 y2 -20000000000 y4 +3 x2 y4 +y6 § 0=. The initial
region specified may not contain any feasible points. Changing the initial
region or specifying explicit initial points may provide a better solution. à

Out[4]= 91.35248µ10-10, 9x Ø 4.69644µ10-11, y Ø 8.82834µ10-11==

FindMinimum  only attempts to find a local minimum, therefore is suitable when a local optimum

is needed, or when it is known in advance that the problem has only one optimum or only a few

optima that can be discovered using different starting points.

Even  for  local  optimization,  it  may  still  be  worth  using  NMinimize  for  small  problems.

NMinimize  uses  one  of  the  four  direct  search  algorithms  (Nelder|Mead,  differential  evolution,

simulated annealing, and random search), then finetunes the solution by using a combination of

KKT  solution,  the  interior  point,  and  a  penalty  method.  So  if  efficiency  is  not  an  issue,

NMinimize should be more robust than FindMinimum, in addition to being a global optimizer.
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This shows the default behavior of NMinimize on a problem with four variables.

In[5]:= Clear@f, x, y, z, tD;
f = -Log@xD - 2 Log@yD - 3 Log@yD - 3 Log@tD;
cons = 9200 x2 + y2 + z2 + t2 == 100, x > 0, y > 0, z > 0, t > 0=;
vars = 8x, y, z, t<;
sol = NMinimize@8f, cons<, varsD

Out[9]= 8-13.8581, 8t Ø 5.7735, x Ø 0.235702, y Ø 7.45356, z Ø 0.00177238<<

This  shows  that  two  of  the  post-processors,  KKT  and  FindMinimum,  do  not  give  the  default

result. Notice that for historical reasons, the name FindMinimum, when used as an option value

of  PostProcess,  stands  for  the  process  where  a  penalty  method  is  used  to  convert  the  con-

strained  optimization  problem into  unconstrained  optimization  methods  and  then  solved  using

(unconstrained) FindMinimum.

In[10]:= sol = NMinimize@8f, cons<, vars, Method Ø 8NelderMead, PostProcess Ø KKT<D

NMinimize::nosat : Obtained solution does not satisfy the following
constraints within Tolerance -> 0.001`: 9100- t2 -200 x2 -y2 -z2 ã 0=. à

Out[10]= 80.759899, 8t Ø 9.98441, x Ø 0.0103018, y Ø 0.539287, z Ø 0.0246594<<

In[11]:= sol = NMinimize@8f, cons<, vars, Method Ø 8NelderMead, PostProcess Ø FindMinimum<D

Out[11]= 8-13.8573, 8t Ø 5.84933, x Ø 0.233007, y Ø 7.41126, z Ø 0.00968789<<

However, if efficiency is important, FindMinimum  can be used if you just need a local minimum,

or  you  can  provide  a  good  starting  point,  or  you  know  the  problem  has  only  one  minimum

(e.g.,  convex),  or  your  problem is  large/expensive.  This  uses  FindMinimum  and  NMinimize  to

solve the same problem with seven variables. The constraints are relatively expensive to com-

pute. Clearly FindMinimum in this case is much faster than NMinimize.

In[12]:= Clear@f, cons, vars, xD;
8f, cons, vars< =

:
20 x@2D x@6D

x@1D2 x@4D x@5D2
+

15 x@3D x@4D

x@1D x@2D2 x@5D x@7D0.5`
+
10 x@1D x@4D2 x@7D0.125`

x@2D x@6D3
+

25 x@1D2 x@2D2 x@5D0.5` x@7D

x@3D x@6D2
, :0.1` § x@1D § 10, 0.1` § x@2D § 10, 0.1` § x@3D § 10,

0.1` § x@4D § 10, 0.1` § x@5D § 10, 0.1` § x@6D § 10, 0.01` § x@7D § 10,

1 -
0.2` x@3D x@6D2ê3 x@7D0.25`

x@2D x@4D0.5`
-
0.7` x@1D3 x@2D x@6D x@7D0.5`

x@3D2
-
0.5` x@1D0.5` x@7D

x@3D x@6D2
¥

0, 1 -
3.1` x@2D0.5` x@6D1ê3

x@1D x@4D2 x@5D
-

1.3` x@2D x@6D

x@1D0.5` x@3D x@5D
-
0.8` x@3D x@6D2

x@4D x@5D
¥ 0,

Constrained Optimization     69



In[12]:=

0, 1 -

1 -
x@2D x@3D0.5` x@5D

x@1D
-

0.1` x@2D x@5D

x@3D0.5` x@6D x@7D0.5`
-
2 x@1D x@5D x@7D1ê3

x@3D1.5` x@6D
-

0.65` x@3D x@5D x@7D

x@2D2 x@6D
¥ 0, 1 -

0.3` x@1D0.5` x@2D2 x@3D x@4D1ê3 x@7D0.25`

x@5D2ê3
-

0.2` x@2D x@5D0.5` x@7D1ê3

x@1D2 x@4D
-
0.5` x@4D x@7D0.5`

x@3D2
-
0.4` x@3D x@5D x@7D0.75`

x@1D3 x@2D2
¥ 0,

20 x@2D x@6D

x@1D2 x@4D x@5D2
+

15 x@3D x@4D

x@1D x@2D2 x@5D x@7D0.5`
+
10 x@1D x@4D2 x@7D0.125`

x@2D x@6D3
+

25 x@1D2 x@2D2 x@5D0.5` x@7D

x@3D x@6D2
¥ 100,

20 x@2D x@6D

x@1D2 x@4D x@5D2
+

15 x@3D x@4D

x@1D x@2D2 x@5D x@7D0.5`
+

10 x@1D x@4D2 x@7D0.125`

x@2D x@6D3
+
25 x@1D2 x@2D2 x@5D0.5` x@7D

x@3D x@6D2
§ 3000>,

8x@1D, x@2D, x@3D, x@4D, x@5D, x@6D, x@7D<>;

In[14]:= FindMinimum@8f, cons<, varsD êê Timing

Out[14]= 80.541, 8911.881, 8x@1D Ø 3.89625, x@2D Ø 0.809359, x@3D Ø 2.66439,
x@4D Ø 4.30091, x@5D Ø 0.853555, x@6D Ø 1.09529, x@7D Ø 0.0273105<<<

In[15]:= NMinimize@8f, cons<, varsD êê Timing

NMinimize::incst : NMinimize was unable to generate any initial points satisfying the inequality constraints

:-1+
3.1 x@2D0.5 x@6D1ê3

x@1D x@4D2 x@5D
+

1.3 x@2D x@6D

x@1D0.5 x@3D x@5D
+
0.8 x@3D x@6D2

x@4D x@5D
§ 0,á4à, -1+á4à § 0>.

The initial region specified may not contain any feasible points. Changing the
initial region or specifying explicit initial points may provide a better solution. à

NMinimize::incst : NMinimize was unable to generate any initial points satisfying the inequality constraints

:-1+
3.1 x@2D0.5 x@6D1ê3

x@1D x@4D2 x@5D
+

1.3 x@2D x@6D

x@1D0.5 x@3D x@5D
+
0.8 x@3D x@6D2

x@4D x@5D
§ 0,á4à, -1+á4à § 0>.

The initial region specified may not contain any feasible points. Changing the
initial region or specifying explicit initial points may provide a better solution. à

Out[15]= 88.151, 8911.881, 8x@1D Ø 3.89625, x@2D Ø 0.809359, x@3D Ø 2.66439,
x@4D Ø 4.30091, x@5D Ø 0.853555, x@6D Ø 1.09529, x@7D Ø 0.0273105<<<
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