


The Stieltjes constants StieltjesGamma@nD are generalizations of Euler's constant which appear

in the series expansion of  zHsL  around its  pole at  s = 1;  the coefficient  of  H1 - sLn  is  gn ên !.  Euler's

constant is g0. 

The  generalized  Riemann  zeta  function  Zeta@s, aD  is  implemented  as  zHs, aL =⁄k=0
¶ IHk + aL2M

-sê2
,

where any term with k + a = 0 is excluded.

The Hurwitz zeta function HurwitzZeta@s, aD is implemented as zHs, aL =⁄k=0
¶ Hk + aL-s.

The  Ramanujan  t  Dirichlet  L  function  RamanujanTauL@sD  is  defined  by  L HsL =⁄n=1
¶ tHnL

ns
 (for

Re HsL > 6),  with  coefficients  RamanujanTau@nD.  In  analogy  with  the  Riemann  zeta  function,  it  is

again convenient to define the functions RamanujanTauZ@tD and RamanujanTauTheta@tD.

Here is the numerical approximation for LH6, 2, 1.0 + ÂL.

In[77]:= DirichletL@6, 2, 1. + ÂD

Out[77]= 0.978008 + 0.0954731 Â

Here is a three-dimensional picture of the real part of a Dirichlet L-function.

In[4]:= Plot3D@ReüDirichletL@6, 2, u + Â vD, 8u, -5, 5<, 8v, -10, 10<, Mesh Ø None,
PlotStyle Ø Directive@Opacity@0.7D, Green, Specularity@10DD, BoxRatios Ø 81, 1, 2<D

Out[4]=

Mathematica gives exact results for z H2 nL. 
In[1]:= Zeta@6D

Out[1]= 
p6

945
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Here is a three-dimensional picture of the Riemann zeta function in the complex plane. 

In[14]:= Plot3D@Abs@Zeta@x + I yDD, 8x, -3, 3<, 8y, 2, 35<D

Out[14]=

This is a plot of the absolute value of the Riemann zeta function on the critical line Re z = 1
2
. You 

can see the first few zeros of the zeta function. 
In[15]:= Plot@Abs@Zeta@1 ê 2 + I yDD, 8y, 0, 40<D

Out[15]=

This is a plot of the absolute value of the Ramanujan t L function on its critical line Re z = 6. 

In[4]:= Plot@Abs@RamanujanTauL@6 + I yDD, 8y, 0, 20<D

Out[4]=

The  polylogarithm  functions  PolyLog@n, zD  are  given  by  LinHzL =⁄k=1
¶ zk ëkn.  The  polylogarithm

function  is  sometimes  known  as  Jonquière's  function.  The  dilogarithm  PolyLog@2, zD  satisfies

Li2HzL = Ÿz
0logH1 - tL ê t „ t.  Sometimes  Li2H1 - zL  is  known  as  Spence's  integral.  The  Nielsen  general-

ized  polylogarithm  functions  or  hyperlogarithms  PolyLog@n, p, zD  are  given  by

Sn,pHzL = H-1Ln+p-1 ëHHn - 1L ! p !L Ÿ0
1logn-1HtL logpH1 - ztL ê t „ t.  Polylogarithm  functions  appear  in  Feynman

diagram integrals in elementary particle physics, as well as in algebraic K-theory.
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The  polylogarithm  functions  PolyLog@n, zD  are  given  by  LinHzL =⁄k=1
¶ zk ëkn.  The  polylogarithm

function  is  sometimes  known  as  Jonquière's  function.  The  dilogarithm  PolyLog@2, zD  satisfies

Li2HzL = Ÿz
0logH1 - tL ê t „ t.  Sometimes  Li2H1 - zL  is  known  as  Spence's  integral.  The  Nielsen  general-

Sn,pHzL = H-1Ln+p-1 ëHHn - 1L ! p !L Ÿ0
1logn-1HtL logpH1 - ztL ê t „ t.  Polylogarithm  functions  appear  in  Feynman 

diagram integrals in elementary particle physics, as well as in algebraic K-theory.

The  Lerch  transcendent  LerchPhi@z, s, aD  is  a  generalization  of  the  zeta  and  polylogarithm

functions,  given  by  FHz, s, aL =⁄k=0
¶ zkíIHa + kL2M

sê2
,  where  any  term with  a + k = 0  is  excluded.  Many

sums of reciprocal powers can be expressed in terms of the Lerch transcendent. For example,

the Catalan beta function bHsL =⁄k=0
¶ H-1Lk H2 k + 1L-s can be obtained as 2-s F J-1, s, 1

2
N.

The  Lerch  transcendent  is  related  to  integrals  of  the  Fermi|Dirac  distribution  in  statistical

mechanics by Ÿ0
¶ks ëIek-m + 1M „ k = em GHs + 1LFH-em, s + 1, 1L. 

The Lerch transcendent can also be used to evaluate Dirichlet L-series which appear in number

theory.  The  basic  L-series  has  the  form  LHs, cL =⁄k=1
¶ cHkL k-s,  where  the  "character"  cHkL  is  an

integer function with period m.  L-series of  this  kind can be written as sums of  Lerch functions

with z a power of e2 p iêm.

LerchPhi@z, s, a, DoublyInfinite -> TrueD gives the doubly infinite sum ⁄k=-¶
¶ zkíIHa + kL2M

sê2
. 

The  Hurwitz|Lerch  transcendent  HurwitzLerchPhi@z, s, aD  generalizes  HurwitzZeta@s, aD  and

is defined by FHz, s, aL =⁄k=0
¶ zk ëHHa + kLsL.

ZetaZero@kD the kth zero of the zeta function zHzL on the critical line

ZetaZero@k,x0D the kth zero above height x0

Zeros of the zeta function. 

ZetaZero@1D represents the first nontrivial zero of z HzL. 

In[1]:= Zeta@ZetaZero@1DD

Out[1]= 0

This gives its numerical value.

In[2]:= N@ZetaZero@1DD

Out[2]= 0.5 + 14.1347 Â
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This gives the first zero with height greater than 15.

In[3]:= N@ZetaZero@1, 15DD

Out[3]= 0.5 + 21.022 Â

Exponential Integral and Related Functions

CosIntegral@zD cosine integral function CiHzL
CoshIntegral@zD hyperbolic cosine integral function ChiHzL
ExpIntegralE@n,zD exponential integral En HzL

ExpIntegralEi@zD exponential integral EiHzL
LogIntegral@zD logarithmic integral liHzL
SinIntegral@zD sine integral function SiHzL
SinhIntegral@zD hyperbolic sine integral function ShiHzL

Exponential integral and related functions. 

Mathematica has two forms of exponential integral: ExpIntegralE and ExpIntegralEi.

The exponential integral function ExpIntegralE@n, zD is defined by EnHzL = Ÿ1
¶e-z t ê tn „ t. 

The second exponential  integral  function  ExpIntegralEi@zD  is  defined by EiHzL = -Ÿ-z
¶e-t ê t „ t  (for

z > 0), where the principal value of the integral is taken. 

The  logarithmic  integral  function  LogIntegral@zD  is  given  by  liHzL = Ÿ0
zd t ê log t  (for  z > 1),  where

the  principal  value  of  the  integral  is  taken.  liHzL  is  central  to  the  study  of  the  distribution  of

primes in number theory. The logarithmic integral function is sometimes also denoted by LiHzL.

In some number theoretic applications, liHzL is defined as Ÿ2
zd t ê log t, with no principal value taken.

This differs from the definition used in Mathematica by the constant liH2L.

The  sine  and  cosine  integral  functions  SinIntegral@zD  and  CosIntegral@zD  are  defined  by

SiHzL = Ÿ0
zsinHtL ê t „ t  and  CiHzL = -Ÿz

¶cosHtL ê t „ t.  The  hyperbolic  sine  and  cosine  integral  functions

SinhIntegral@zD  and  CoshIntegral@zD  are  defined  by  ShiHzL = Ÿ0
zsinhHtL ê t „ t  and

ChiHzL = g + logHzL + Ÿ0
z
HcoshHtL - 1L ê t „ t.
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Error Function and Related Functions

Erf@zD error function erfHzL
Erf@z0,z1D generalized error function erfHz1L - erfHz0L

Erfc@zD complementary error function erfcHzL
Erfi@zD imaginary error function erfiHzL
FresnelC@zD Fresnel integral C HzL

FresnelS@zD Fresnel integral SHzL

InverseErf@sD inverse error function

InverseErfc@sD inverse complementary error function

Error function and related functions. 

The  error  function  Erf@zD  is  the  integral  of  the  Gaussian  distribution,  given  by

erfHzL = 2ë p Ÿ0
ze-t2 d t.  The  complementary  error  function  Erfc@zD  is  given  simply  by

erfcHzL = 1 - erfHzL. The imaginary error function Erfi@zD is given by erfiHzL = erfHizL ê i. The generalized

error function Erf@z0, z1D is defined by the integral 2ë p Ÿz0
z1e-t2 d t. The error function is central

to many calculations in statistics.

The  inverse  error  function  InverseErf@sD  is  defined  as  the  solution  for  z  in  the  equation

s = erfHzL.  The  inverse  error  function  appears  in  computing  confidence  intervals  in  statistics  as

well as in some algorithms for generating Gaussian random numbers.

Closely  related  to  the  error  function  are  the  Fresnel  integrals  FresnelC@zD  defined  by

CHzL = Ÿ0
zcosIp t2 ë2M d t  and  FresnelS@zD  defined  by  SHzL = Ÿ0

zsinIp t2 ë2M d t.  Fresnel  integrals  occur  in

diffraction theory.

Bessel and Related Functions

AiryAi@zD and AiryBi@zD Airy functions AiHzL and BiHzL
AiryAiPrime@zD and AiryBiPrime@zD

derivatives of Airy functions Ai£HzL and Bi£HzL

BesselJ@n,zD and BesselY@n,zD

438     Mathematics and Algorithms

Bessel functions JnHzL and YnHzL



BesselI@n,zD and BesselK@n,zD

modified Bessel functions In HzL and Kn HzL

KelvinBer@n,zD  and KelvinBei@n,zD

Kelvin functions bernHzL and beinHzL

KelvinKer@n,zD  and KelvinKei@n,zD

Kelvin functions kernHzL and keinHzL

HankelH1@n,zD  and HankelH2@n,zD

Hankel functions Hn
H1LHzL and Hn

H2LHzL

SphericalBesselJ@n,zD  and SphericalBesselY@n,zD

spherical Bessel functions jnHzL and ynHzL

SphericalHankelH1@n,zD  and SphericalHankelH2@n,zD

spherical Hankel functions hnH1LHzL and hnH2LHzL

StruveH@n,zD and StruveL@n,zD

Struve function HnHzL and modified Struve function LnHzL

Bessel and related functions. 

The Bessel functions BesselJ@n, zD and BesselY@n, zD are linearly independent solutions to the

differential equation z2 y££ + z y£ + Iz2 - n2M y = 0. For integer n, the JnHzL are regular at z = 0, while the

YnHzL have a logarithmic divergence at z = 0.

Bessel functions arise in solving differential equations for systems with cylindrical symmetry.

JnHzL  is  often  called  the  Bessel  function  of  the  first  kind,  or  simply  the  Bessel  function.  YnHzL  is

referred  to  as  the  Bessel  function  of  the  second  kind,  the  Weber  function,  or  the  Neumann

function (denoted NnHzL).

The Hankel functions (or Bessel functions of the third kind) HankelH1@n, zD and HankelH2@n, zD

give  an  alternative  pair  of  solutions  to  the  Bessel  differential  equation,  related  according  to

Hn
H1,2LHzL = JnHzL ± iYnHzL.

The  spherical  Bessel  functions  SphericalBesselJ@n, zD  and  SphericalBesselY@n, zD,  as  well

as  the  spherical  Hankel  functions  SphericalHankelH1@n, zD  and  SphericalHankelH2@n, zD,

arise in studying wave phenomena with spherical symmetry. These are related to the ordinary 

fnHzL = p ê2 ì z F
n+

1

2

HzL,  where f  and F  can be j  and J,  y  and Y,  or hi  and H i.  For

integer n, spherical Bessel functions can be expanded in terms of elementary functions by using

FunctionExpand. 
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The  spherical  Bessel  functions  SphericalBesselJ@n, zD  and  SphericalBesselY@n, zD,  as  well

as  the  spherical  Hankel  functions  SphericalHankelH1@n, zD  and  SphericalHankelH2@n, zD,

functions by fnHzL = p ê2 ì z F
n+

1

2

HzL,  where f  and F  can be j  and J,  y  and Y,  or hi  and H i.  For

integer n, spherical Bessel functions can be expanded in terms of elementary functions by using

FunctionExpand. 

The modified Bessel functions BesselI@n, zD and BesselK@n, zD are solutions to the differential

equation z2 y££ + z y£ - Iz2 + n2M y = 0. For integer n, InHzL is regular at z = 0; KnHzL always has a logarith-

mic divergence at z = 0. The InHzL are sometimes known as hyperbolic Bessel functions.

Particularly  in  electrical  engineering,  one  often  defines  the  Kelvin  functions  KelvinBer@n, zD,

KelvinBei@n, zD,  KelvinKer@n, zD  and  KelvinKei@n, zD.  These  are  related  to  the  ordinary

Bessel functions by bernHzL + i beinHzL = en p i JnIz e-p iê4M, kernHzL + i keinHzL = e-n p iê2 KnIz ep iê4M.

The Airy functions AiryAi@zD and AiryBi@zD are the two independent solutions AiHzL and BiHzL to

the differential  equation y££ - z y = 0.  AiHzL  tends to zero for  large positive z,  while  BiHzL  increases

unboundedly. The Airy functions are related to modified Bessel functions with one-third-integer

orders. The Airy functions often appear as the solutions to boundary value problems in electro-

magnetic  theory and quantum mechanics.  In many cases the derivatives of  the Airy  functions

AiryAiPrime@zD and AiryBiPrime@zD also appear.

The Struve function StruveH@n, zD appears in the solution of the inhomogeneous Bessel equa-

tion which for integer n  has the form z2 y££ + z y£ + Iz2 - n2M y = 2
p

zn+1

H2 n-1L!!
; the general solution to this

equation  consists  of  a  linear  combination  of  Bessel  functions  with  the  Struve  function  HnHzL

added.  The  modified  Struve  function  StruveL@n, zD  is  given  in  terms  of  the  ordinary  Struve

function by LnHzL = -i e-i n pê2 HnHzL. Struve functions appear particularly in electromagnetic theory.

Here is a plot of J0I x M. This is a curve that an idealized chain hanging from one end can form 
when you wiggle it. 

In[16]:= Plot@BesselJ@0, Sqrt@xDD, 8x, 0, 50<D

Out[16]=
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Mathematica generates explicit formulas for half-integer-order Bessel functions. 

In[2]:= BesselK@3 ê 2, xD

Out[2]= 

‰-x p

2
J1 +

1

x
N

x

The Airy function plotted here gives the quantum-mechanical amplitude for a particle in a 
potential that increases linearly from left to right. The amplitude is exponentially damped in the 
classically inaccessible region on the right. 

In[17]:= Plot@AiryAi@xD, 8x, -10, 10<D

Out[17]=

BesselJZero@n,kD the kth zero of the Bessel function JnHzL

BesselJZero@n,k,x0D the kth zero greater than x0

BesselYZero@n,kD the kth zero of the Bessel function YnHzL

BesselYZero@n,k,x0D the kth zero greater than x0

AiryAiZero@kD the kth zero of the Airy function Ai HzL

AiryAiZero@k,x0D the kth zero less than x0

AiryBiZero@kD the kth zero of the Airy function Bi HzL

AiryBiZero@k,x0D the kth zero less than x0

Zeros of Bessel and Airy functions. 

BesselJZero@1, 5D represents the fifth zero of J1 HzL. 

In[18]:= BesselJ@1, BesselJZero@1, 5DD

Out[18]= 0

This gives its numerical value. 

In[19]:= N@BesselJZero@1, 5DD

Out[19]= 16.4706

Legendre and Related Functions
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Spheroidal Functions

SpheroidalS1@n,m,g,zD  and SpheroidalS2@n,m,g,zD

radial spheroidal functions Sn,mH1L Hg, zL and Sn,mH2L Hg, zL

SpheroidalS1Prime@n,m,g,zD  and SpheroidalS2Prime@n,m,g,zD

z derivatives of radial spheroidal functions

SpheroidalPS@n,m,g,zD  and SpheroidalQS@n,m,g,zD

angular spheroidal functions PSn,mHg, zL and QSn,mHg, zL

SpheroidalPSPrime@n,m,g,zD  and SpheroidalQSPrime@n,m,g,zD

z derivatives of angular spheroidal functions

SpheroidalEigenvalue@n,m,gD spheroidal eigenvalue of degree n and order m

Spheroidal functions.

The  radial  spheroidal  functions  SpheroidalS1@n, m, g, zD  and  SpheroidalS2@n, m, g, zD  and

angular  spheroidal  functions  SpheroidalPS@n, m, g, zD  and  SpheroidalQS@n, m, g, zD  appear

in solutions to the wave equation in spheroidal regions. Both types of functions are solutions to

the  equation  I1 - z2M y″ - 2 zy£ + Jl + g2I1 - z2M - m2

1-z2
N yã 0.  This  equation  has  normalizable  solutions

only  when  l  is  a  spheroidal  eigenvalue  given  by  SpheroidalEigenvalue@n, m, gD.  The

spheroidal functions also appear as eigenfunctions of finite analogs of Fourier transforms.

SpheroidalS1  and  SpheroidalS2  are  effectively  spheroidal  analogs  of  the  spherical  Bessel

functions  jnHzL  and  ynHzL,  while  SpheroidalPS  and  SpheroidalQS  are  effectively  spheroidal

analogs  of  the  Legendre  functions  PnmHzL  and  Qn
mHzL.  g2 > 0  corresponds  to  a  prolate  spheroidal

geometry, while g2 < 0 corresponds to an oblate spheroidal geometry.

function g z range name

PSn,mHg, hL QSn,mHg, hL g h -1 § h § 1 angular prolate

Sn,mH1L Hg, zL Sn,mH2L Hg, zL g z z ¥ 1 radial prolate

PSn,mH-Â g, hL QSn,mH-Â g, hL -Â g h -1 § h § 1 angular oblate

Sn,mH1L H-Â g, zL Sn,mH2L H-Â g, zL -Â g Â z z ¥ 0 radial oblate

Many  different  normalizations  for  spheroidal  functions  are  used  in  the  literature.  Mathematica

uses the Meixner|Schäfke normalization scheme.
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Angular spheroidal functions can be viewed as deformations of Legendre functions.

In[1]:= Series@SpheroidalPS@n, 0, g, hD, 8g, 0, 3<D

Out[1]= LegendreP@n, hD + -
H-1 + nL n LegendreP@-2 + n, hD

2 H-1 + 2 nL2 H1 + 2 nL
+

H1 + nL H2 + nL LegendreP@2 + n, hD

2 H1 + 2 nL H3 + 2 nL2
g2 + O@gD3

This plots angular spheroidal functions for various spheroidicity parameters.

In[2]:= Plot@8SpheroidalPS@3, 0, 0, hD,
SpheroidalPS@3, 0, 3, hD, SpheroidalPS@3, 0, 5, hD<, 8h, -1, 1<D

Out[2]=
-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

Angular spheroidal functions PSn,0 Hg, hL for integers n ¥ 0 are eigenfunctions of a band-limited 
Fourier transform.

In[3]:= Integrate@SpheroidalPS@3, 0, g, hD Exp@Â w g hD, 8h, -1, 1<D

Out[3]= -2 Â SpheroidalPS@3, 0, g, wD SpheroidalS1@3, 0, g, 1D

The Mathieu functions are a special case of spheroidal functions.

An angular spheroidal function with m =
1
2
 gives Mathieu angular functions.

In[4]:= SpheroidalPS@1 ê 2, 1 ê 2, c, zD

Out[4]= MathieuCBMathieuCharacteristicAB1,
c2

4
F,

c2

4
, ArcCos@zDFì K p I1 - z2M

1ë4
O

Legendre and Related Functions

LegendreP@n,zD Legendre functions of the first kind PnHzL

LegendreP@n,m,zD associated Legendre functions of the first kind PnmHzL

LegendreQ@n,zD Legendre functions of the second kind QnHzL

LegendreQ@n,m,zD associated Legendre functions of the second kind Qn
mHzL

Legendre and related functions. 

The  Legendre  functions  and  associated  Legendre  functions  satisfy  the  differential  equation

I1 - z2M y££ - 2 z y£ + An Hn + 1L -m2 ëI1 - z2ME y = 0.  The  Legendre  functions  of  the  first  kind,

LegendreP@n, zD  and  LegendreP@n, m, zD,  reduce  to  Legendre  polynomials  when  n  and  m  are

integers.  The Legendre functions  of  the  second kind  LegendreQ@n, zD  and LegendreQ@n, m, zD

give  the  second  linearly  independent  solution  to  the  differential  equation.  For  integer  m  they

have  logarithmic  singularities  at  z = ±1.  The  PnHzL  and  QnHzL  solve  the  differential  equation  with

m = 0. 
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The  Legendre  functions  and  associated  Legendre  functions  satisfy  the  differential  equation

I1 - z2M y££ - 2 z y£ + An Hn + 1L -m2 ëI1 - z2ME y = 0.  The  Legendre  functions  of  the  first  kind,

LegendreP@n, zD  and  LegendreP@n, m, zD,  reduce  to  Legendre  polynomials  when  n  and  m  are

integers.  The Legendre functions  of  the  second kind  LegendreQ@n, zD  and LegendreQ@n, m, zD

give  the  second  linearly  independent  solution  to  the  differential  equation.  For  integer  m  they

have  logarithmic  singularities  at  z = ±1.  The  PnHzL  and  QnHzL  solve  the  differential  equation  with

m = 0. 

Legendre functions arise in studies of quantum-mechanical scattering processes. 

LegendreP@n,m,zD  or LegendreP@n,m,1,zD

type 1 function containing I1 - z2Mmê2

LegendreP@n,m,2,zD type 2 function containing H1 + zLmê2 ëH1 - zLmê2

LegendreP@n,m,3,zD type 3 function containing H1 + zLmê2 ëH-1 + zLmê2

Types of Legendre functions. Analogous types exist for LegendreQ. 

Legendre functions of  type 1  and Legendre functions of  type 2  have different  symbolic  forms,

but the same numerical values. They have branch cuts from -¶ to -1 and from +1 to +¶. Legen-

dre functions of type 3, sometimes denoted n
mHzL and n

mHzL, have a single branch cut from -¶ to

+1. 

Toroidal  functions  or  ring  functions,  which  arise  in  studying  systems  with  toroidal  symmetry,

can be expressed in terms of the Legendre functions P
n-

1

2

m
HcoshhL and Q

n-
1

2

m
HcoshhL.

Conical functions can be expressed in terms of P
-
1

2
+i p

m
HcosqL and Q

-
1

2
+i p

m
HcosqL.

When you use the function LegendreP@n, xD with an integer n, you get a Legendre polynomial.

If you take n to be an arbitrary complex number, you get, in general, a Legendre function. 

In  the  same  way,  you  can  use  the  functions  GegenbauerC  and  so  on  with  arbitrary  complex

indices  to  get  Gegenbauer  functions,  Chebyshev functions,  Hermite  functions,  Jacobi  functions

and Laguerre functions. Unlike for associated Legendre functions, however, there is no need to

distinguish different types in such cases.

444     Mathematics and Algorithms



Hypergeometric Functions and Generalizations

Hypergeometric0F1@a,zD hypergeometric function 0 F1H; a; zL

Hypergeometric0F1Regularized@a,zD

regularized hypergeometric function 0 F1H; a; zL êGHaL

Hypergeometric1F1@a,b,zD Kummer confluent hypergeometric function 1 F1Ha; b; zL
Hypergeometric1F1Regularized@a,b,zD

regularized confluent hypergeometric function 
1 F1Ha; b; zL êGHbL

HypergeometricU@a,b,zD confluent hypergeometric function UHa, b, zL
WhittakerM@k,m,zD  and WhittakerW@k,m,zD

Whittaker functions Mk,mHzL and Wk,mHzL

ParabolicCylinderD@n,zD parabolic cylinder function DnHzL

Confluent hypergeometric functions and related functions. 

Many of the special functions that we have discussed so far can be viewed as special cases of

the confluent hypergeometric function Hypergeometric1F1@a, b, zD.

The  confluent  hypergeometric  function  can  be  obtained  from  the  series  expansion

1 F1Ha; b; zL = 1 + az êb + a Ha + 1L êb Hb + 1L z2 ë2 ! + =⁄k=0
¶ HaLk ê HbLk zk ëk ! .  Some  special  results  are

obtained  when  a  and  b  are  both  integers.  If  a < 0,  and  either  b > 0  or  b < a,  the  series  yields  a

polynomial with a finite number of terms. 

If  b  is zero or a negative integer, then 1 F1Ha; b; zL  itself  is infinite. But the regularized confluent

hypergeometric  function  Hypergeometric1F1Regularized@a, b, zD  given  by  1 F1Ha; b; zL êGHbL  has

a finite value in all cases. 

Among  the  functions  that  can  be  obtained  from  1 F1  are  the  Bessel  functions,  error  function,

incomplete gamma function, and Hermite and Laguerre polynomials. 

The  function  1 F1Ha; b; zL  is  sometimes  denoted  FHa; b; zL  or  MHa, b, zL.  It  is  often  known  as  the

Kummer function.

The  1 F1  function  can  be  written  in  the  integral  representation

1 F1Ha; b; zL = GHbL ê @GHb - aL GHaLD Ÿ0
1ezt ta-1 H1 - tLb-a-1 d t. 

The  1 F1  confluent  hypergeometric  function  is  a  solution  to  Kummer’s  differential  equation

z y££ + Hb - zL y£ - a y = 0, with the boundary conditions 1 F1Ha; b; 0L = 1 and ∂ @1 F1Ha; b; zLD ê∂z z=0 = a êb. 
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The  1 F1  confluent  hypergeometric  function  is  a  solution  to  Kummer’s  differential  equation

z y££ + Hb - zL y£ - a y = 0, with the boundary conditions 1 F1Ha; b; 0L = 1 and ∂ @1 F1Ha; b; zLD ê∂z z=0 = a êb. 

The  function  HypergeometricU@a, b, zD  gives  a  second  linearly  independent  solution  to  Kum-

mer's equation. For Re b > 1 this function behaves like z1-b  for small z. It has a branch cut along

the negative real axis in the complex z plane.

The function UHa, b, zL has the integral representation UHa, b, zL = 1 êGHaL Ÿ0
¶e-z t ta-1 H1 + tLb-a-1 d t. 

UHa, b, zL, like 1 F1Ha; b; zL, is sometimes known as the Kummer function. The U  function is some-

times denoted by Y. 

The Whittaker functions WhittakerM@k, m, zD and WhittakerW@k, m, zD give a pair of solutions

to the normalized Kummer differential equation, known as Whittaker's differential equation. The

Whittaker  function  Mk, m  is  related  to  1 F1  by  Mk, mHzL = e-zê2 z1ê2+m 1 F1J
1
2
+ m - k; 1 + 2 m; zN.  The  second

Whittaker function Wk, m obeys the same relation, with 1 F1 replaced by U.

The  parabolic  cylinder  functions  ParabolicCylinderD@n, zD  are  related  to  the  Hermite  func-

tions by DnHzL = 2-nê2 e-Hzê2L2 ä HnJzí 2 N.

The  Coulomb  wave  functions  are  also  special  cases  of  the  confluent  hypergeometric  function.

Coulomb  wave  functions  give  solutions  to  the  radial  Schrödinger  equation  in  the  Coulomb

potential  of  a  point  nucleus.  The  regular  Coulomb  wave  function  is  given  by

FLHh, rL = CLHhL rL+1 e-i r 1 F1HL + 1 - i h; 2 L + 2; 2 i rL, where CLHhL = 2L e-phê2 GHL + 1 + i hL êGH2 L + 2L.

Other  special  cases  of  the  confluent  hypergeometric  function  include  the  Toronto  functions

THm, n, rL,  Poisson|Charlier  polynomials  rnHn, xL,  Cunningham functions  wn,mHxL  and Bateman func-

tions knHxL. 

A  limiting  form  of  the  confluent  hypergeometric  function  which  often  appears  is

Hypergeometric0F1@a, zD. This function is obtained as the limit 0 F1H; a; zL = limqØ¶ 1 F1Hq; a; z êqL. 

The 0 F1  function has the series expansion 0 F1H; a; zL =⁄k=0
¶ 1 ê HaLk zk ëk ! and satisfies the differential

equation z y££ + a y£ - y = 0. 

Bessel functions of the first kind can be expressed in terms of the 0 F1 function. 
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Hypergeometric2F1@a,b,c,zD hypergeometric function 2 F1Ha, b; c; zL
Hypergeometric2F1Regularized@a,b,c,zD

regularized hypergeometric function 2 F1Ha, b; c; zL êGHcL

HypergeometricPFQA9a1,…,ap=,9b1,…,bq=,zE

generalized hypergeometric function p FqHa; b; zL

HypergeometricPFQRegularizedA9a1,…,ap=,9b1,…,bq=,zE

regularized generalized hypergeometric function

MeijerGA98a1,…,an<,9an+1,…,ap==,98b1,…,bm<,9bm+1,…,bq==,zE

Meijer G function

AppellF1@a,b1,b2,c,x,yD Appell hypergeometric function of two variables 
F1Ha; b1, b2; c; x, yL

Hypergeometric functions and generalizations. 

The  hypergeometric  function  Hypergeometric2F1@a, b, c, zD  has  series  expansion

2 F1Ha, b; c; zL =⁄k=0
¶ HaLk HbLk ê HcLk zk ëk ! .  The  function  is  a  solution  of  the  hypergeometric  differential

equation zH1 - zL y££ + @c - Ha + b + 1L zD y£ - a b y = 0.

The hypergeometric function can also be written as an integral: 2 F1Ha, b; c; zL = GHcL ê @GHbL GHc - bLD µ

Ÿ0
1tb-1 H1 - tLc-b-1 H1 - t zL-a d t. 

The hypergeometric function is also sometimes denoted by F, and is known as the Gauss series

or the Kummer series.

The Legendre functions, and the functions which give generalizations of other orthogonal polyno-

mials, can be expressed in terms of the hypergeometric function. Complete elliptic integrals can

also be expressed in terms of the 2 F1 function.

The Riemann P function, which gives solutions to Riemann's differential equation, is also a 2 F1
function.
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The  generalized  hypergeometric  function  or  Barnes  extended  hypergeometric

function  HypergeometricPFQ@8a1, …, ap<, 8b1, …, bq<, zD  has  series  expansion

p FqHa; b; zL =‚
k=0

¶
Ha1Lk ... HapLk
Hb1Lk ... HbqLk

zk

k!
. 

The  Meijer  G  function  MeijerGA98a1, …, an<, 9an + 1, …, ap==, 88b1, …, bm<, 8bm + 1, … ,   

bq<<, zD  is  defined  by  the  contour  integral  representation

Gp q
m n z

a1, …, ap
b1, …, bq

= 1
2 p i Ÿ GH1 - a1 - sL …GH1 - an - sL µGHb1 + sL …GHbm + sLë IGHan+1 + sL …GIap + sM

GH1 - bm+1 - sL …GI1 - bq - sMM z-s ds,  where  the  contour  of  integration  is  set  up  to  lie  between  the

poles  of  GH1 - ai - sL  and the poles  of  GHbi + sL.  MeijerG  is  a  very general  function whose special

cases cover most of the functions discussed in the past few sections. 

The  Appell  hypergeometric  function  of  two  variables  AppellF1@a, b1, b2, c, x, yD  has  series

expansion  F1 Ha; b1, b2; c; x, yL =⁄m=0
¶ ⁄n=0

¶ HaLm+n Hb1Lm Hb2Ln ê Hm ! n ! HcLm+nL xm yn.  This  function  appears  for

example in integrating cubic polynomials to arbitrary powers.

The Product Log Function

ProductLog@zD product log function WHzL

The product log function.

The  product  log  function  gives  the  solution  for  w  in  z = w ew.  The  function  can  be  viewed  as  a

generalization of a logarithm. It can be used to represent solutions to a variety of transcenden-

tal equations. The tree generating function for counting distinct oriented trees is related to the

product log by THzL = -WH-zL.

448     Mathematics and Algorithms



Elliptic Integrals and Elliptic Functions

Even more so than for other special functions, you need to be very careful about the arguments

you give to elliptic integrals and elliptic functions. There are several incompatible conventions in

common use, and often these conventions are distinguished only by the specific names given to

arguments or by the presence of separators other than commas between arguments. 

† Amplitude f (used by Mathematica, in radians)
† Argument u (used by Mathematica): related to amplitude by f = amHuL

† Delta amplitude DHfL: DHfL = 1 -m sin2HfL
† Coordinate x: x = sinHfL
† Characteristic n (used by Mathematica in elliptic integrals of the third kind)
† Parameter m (used by Mathematica): preceded by », as in IHf mL
† Complementary parameter m1: m1 = 1 -m
† Modulus k: preceded by comma, as in IHf, kL; m = k2 
† Modular angle a: preceded by \ , as in IHf \aL; m = sin2HaL 
† Nome q: preceded by comma in q functions; q = exp@-pKH1 -mL êK 8mLD = expHi p w£ êwL 
† Invariants g2, g3 (used by Mathematica) 

† Half-periods w, w£: g2 = 60 ⁄r, s
£ w-4, g3 = 140 ⁄r, s

£ w-6, where w = 2 rw + 2 sw£ 

† Ratio of periods t: t = w£ êw 

† Discriminant D: D = g2
3 - 27 g32 

† Parameters of curve a, b (used by Mathematica) 
† Coordinate y (used by Mathematica): related by y2 = x3 + a x2 + b x 

Common argument conventions for elliptic integrals and elliptic functions. 

JacobiAmplitude@u,mD give the amplitude f corresponding to argument u and 
parameter m

EllipticNomeQ@mD give the nome q corresponding to parameter m

InverseEllipticNomeQ@qD give the parameter m corresponding to nome q

WeierstrassInvariants@8w,w£<D

give the invariants 8g2, g3< corresponding to the half-
periods 8w, w£<

WeierstrassHalfPeriods@8g2,g3<D

give the half-periods 8w, w£< corresponding to the invari-
ants 8g2, g3<

Converting between different argument conventions. 

Elliptic Integrals
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Elliptic Integrals

EllipticK@mD complete elliptic integral of the first kind K HmL

EllipticF@f,mD elliptic integral of the first kind FHf mL

EllipticE@mD complete elliptic integral of the second kind E HmL

EllipticE@f,mD elliptic integral of the second kind E Hf mL

EllipticPi@n,mD complete elliptic integral of the third kind P Hn mL

EllipticPi@n,f,mD elliptic integral of the third kind P Hn; f mL

JacobiZeta@f,mD Jacobi zeta function Z Hf mL

Elliptic integrals. 

Integrals of the form Ÿ RHx, yL „ x, where R is a rational function, and y2 is a cubic or quartic polyno -

mial in x, are known as elliptic integrals. Any elliptic integral can be expressed in terms of the

three standard kinds of Legendre-Jacobi elliptic integrals. 

The  elliptic  integral  of  the  first  kind  EllipticF@f, mD  is  given  for  -p ê2 < f < p ê2  by

FHf mL = Ÿ0
f
A1 -m sin2HqLE

-1ê2
„q= Ÿ0

sin HfL
AI1 - t2M I1 -m t2ME-1ê2 „ t.  This  elliptic  integral  arises  in  solving

the equations of motion for a simple pendulum. It is sometimes known as an incomplete elliptic

integral of the first kind.

Note that the arguments of the elliptic integrals are sometimes given in the opposite order from

what is used in Mathematica. 

The complete elliptic integral of the first kind EllipticK@mD is given by KHmL = F I
p

2
mM. Note that

K  is used to denote the complete elliptic integral of the first kind, while F is used for its incom-

plete  form. In  many applications,  the parameter  m  is  not  given explicitly,  and KHmL  is  denoted

simply  by  K.  The  complementary  complete  elliptic  integral  of  the  first  kind  K£HmL  is  given  by

KH1 -mL. It is often denoted K£. K  and i K£  give the "real" and "imaginary" quarter-periods of the

corresponding Jacobi elliptic functions discussed in "Elliptic Functions". 

The  elliptic  integral  of  the  second  kind  EllipticE@f, mD  is  given  for  -p ê2 < f < p ê2  by

EHf mL = Ÿ0
f
A1 -m sin2HqLE

1ê2
„q= Ÿ0

sin HfL
I1 - t2M-1ê2 I1 -m t2M1ê2 „ t.

The complete elliptic  integral  of  the second kind  EllipticE@mD  is  given by EHmL = E I
p

2
mM.  It  is

often denoted E. The complementary form is E£HmL = EH1 -mL. 

The Jacobi zeta function JacobiZeta@f, mD is given by ZHf mL = EHf mL - EHmL FHf mL êKHmL. 
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The Jacobi zeta function JacobiZeta@f, mD is given by ZHf mL = EHf mL - EHmL FHf mL êKHmL. 

The Heuman lambda function is given by L0Hf mL = FHf 1 -mL êKH1 -mL + 2
p
KHmL ZHf 1 -mL.

The  elliptic  integral  of  the  third  kind  EllipticPi@n, f, mD  is  given  by

PHn; f mL = Ÿ0
f
I1 - n sin2HqLM

-1
A1 -m sin2HqLE

-1ê2
„q.

The complete elliptic integral of the third kind EllipticPi@n, mD is given by PHn mL = PIn; p

2
mM. 

Here is a plot of the complete elliptic integral of the second kind EHmL. 

In[1]:= Plot@EllipticE@mD, 8m, 0, 1<D

Out[1]=

0.2 0.4 0.6 0.8 1.0
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1.2

1.3

1.4

1.5

Here is KHaL with a = 30È. 
In[2]:= EllipticK@Sin@30 DegreeD^2D êê N

Out[2]= 1.68575

The elliptic integrals have a complicated structure in the complex plane. 

In[1]:= Plot3D@Im@EllipticF@px + I py, 2DD, 8px, 0.5, 2.5<, 8py, -1, 1<, PlotPoints -> 60D

Out[1]=

Elliptic Functions
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Elliptic Functions

JacobiAmplitude@u,mD amplitude function amHu mL

JacobiSN@u,mD , JacobiCN@u,mD , etc.

Jacobi elliptic functions snHu mL, etc.

InverseJacobiSN@v,mD , InverseJacobiCN@v,mD , etc.

inverse Jacobi elliptic functions sn-1Hv mL, etc.

EllipticTheta@a,u,qD theta functions JaHu, qL (a = 1, …, 4)

EllipticThetaPrime@a,u,qD derivatives of theta functions Ja
£ Hu, qL (a = 1, …, 4)

SiegelTheta@t,sD Siegel theta function QHt, sL
SiegelTheta@v,t,sD Siegel theta function Q@vD Ht, sL
WeierstrassP@u,8g2,g3<D Weierstrass elliptic function ƒHu; g2, g3L

WeierstrassPPrime@u,8g2,g3<D

derivative of Weierstrass elliptic function ƒ£Hu; g2, g3L

InverseWeierstrassP@p,8g2,g3<D

inverse Weierstrass elliptic function

WeierstrassSigma@u,8g2,g3<D Weierstrass sigma function sHu; g2, g3L

WeierstrassZeta@u,8g2,g3<D Weierstrass zeta function zHu; g2, g3L

Elliptic and related functions. 

Rational  functions  involving  square  roots  of  quadratic  forms  can  be  integrated  in  terms  of

inverse trigonometric functions. The trigonometric functions can thus be defined as inverses of

the functions obtained from these integrals. 

By  analogy,  elliptic  functions  are  defined  as  inverses  of  the  functions  obtained  from  elliptic

integrals. 

The amplitude  for Jacobi elliptic functions JacobiAmplitude@u, mD  is  the inverse of the elliptic

integral of the first kind. If u = FHf mL, then f = amHu mL. In working with Jacobi elliptic functions,

the argument m is often dropped, so amHu mL is written as amHuL.

The  Jacobi  elliptic  functions  JacobiSN@u, mD  and  JacobiCN@u, mD  are  given  respectively  by

snHuL = sinHfL  and  cnHuL = cosHfL,  where  f = amHu mL.  In  addition,  JacobiDN@u, mD  is  given  by

dnHuL = 1 -m sin2HfL = DHfL.
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There  are  a  total  of  twelve  Jacobi  elliptic  functions  JacobiPQ@u, mD,  with  the  letters  P  and  Q

chosen  from  the  set  S,  C,  D  and  N.  Each  Jacobi  elliptic  function  JacobiPQ@u, mD  satisfies  the

relation pqHuL = pnHuL êqnHuL, where for these purposes nnHuL = 1. 

There  are  many  relations  between  the  Jacobi  elliptic  functions,  somewhat  analogous  to  those

between trigonometric functions. In limiting cases, in fact, the Jacobi elliptic functions reduce to

trigonometric  functions.  So,  for  example,  snHu 0L = sinHuL,  snHu 1L = tanhHuL,  cnHu 0L = cosHuL,

cnHu 1L = sechHuL, dnHu 0L = 1 and dnHu 1L = sechHuL. 

The notation PqHuL is often used for the integrals Ÿ0
upq2HtL „ t. These integrals can be expressed in

terms of the Jacobi zeta function defined in "Elliptic Integrals". 

One of the most important properties of elliptic functions is that they are doubly periodic in the

complex values of their arguments. Ordinary trigonometric functions are singly periodic, in the

sense  that  f Hz + swL = f HzL  for  any  integer  s.  The  elliptic  functions  are  doubly  periodic,  so  that

f Hz + rw + sw£L = f HzL for any pair of integers r and s. 

The Jacobi elliptic functions snHu mL, etc. are doubly periodic in the complex u plane. Their peri-

ods  include  w = 4KHmL  and  w£ = 4 iKH1 -mL,  where  K  is  the  complete  elliptic  integral  of  the  first

kind. 

The choice of p and q in the notation pqHu mL  for Jacobi elliptic functions can be understood in

terms of the values of the functions at the quarter periods K and i K£. 

This shows two complete periods in each direction of the absolute value of the Jacobi elliptic 

function snJu 1
3
N. 

In[3]:= ContourPlot@Abs@JacobiSN@ux + I uy, 1 ê 3DD,
8ux, 0, 4 EllipticK@1 ê 3D<, 8uy, 0, 4 EllipticK@2 ê 3D<D

Out[3]=

0 1 2 3 4 5 6 7
0

2

4

6

8
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Also  built  into  Mathematica  are  the  inverse  Jacobi  elliptic  functions  InverseJacobiSN@v, mD,

InverseJacobiCN@v, mD,  etc.  The inverse  function  sn-1Hv mL,  for  example,  gives  the  value  of  u

for which v = snHu mL. The inverse Jacobi elliptic functions are related to elliptic integrals.

The  four  theta  functions  JaHu, qL  are  obtained  from  EllipticTheta@a, u, qD

by  taking  a  to  be  1,  2,  3  or  4.  The  functions  are

defined  by:  J1Hu, qL = 2 q1ê4⁄n=0
¶ H-1Ln qn Hn+1L sin @H2 n + 1L uD,  J2Hu, qL = 2 q1ê4⁄n=0

¶ qn Hn+1L cos @H2 n + 1L uD,

J3Hu, qL = 1 + 2 ⁄n=1
¶ qn2 cosH2 n uL,  J4Hu, qL = 1 + 2 ⁄n=1

¶ H-1Ln qn2 cosH2 n uL.  The  theta  functions  are  often

written  as  JaHuL  with  the  parameter  q  not  explicitly  given.  The  theta  functions  are  sometimes

written in  the form JHu mL,  where m  is  related to  q  by q = exp @-pKH1 -mL êKHmLD.  In  addition,  q  is

sometimes replaced by t, given by q = ei pt. All the theta functions satisfy a diffusion-like differen-

tial equation ∂2 JHu, tLë∂u2 = 4 p i ∂JHu, tL ê∂t. 

The Siegel theta function SiegelTheta@t, sD with Riemann square modular matrix t of dimen-

sion p and vector s generalizes the elliptic theta functions to complex dimension p. It is defined

by QHt, sL =⁄n expHÂ pHn.t.n + 2 n.sLL,  where n  runs over all  p-dimensional integer vectors. The Siegel

theta  function  with  characteristic  SiegelTheta@n, t, sD  is  defined  by

QHn, t, sL =⁄n expHÂ pHHn + aL.t.Hn + aL + 2 Hn + aL.Hs + bLLL, where the characteristic n is a pair of p-dimen-

sional vectors 8a, b<.

The Jacobi elliptic functions can be expressed as ratios of the theta functions. 

An  alternative  notation  for  theta  functions  is  QHu mL = J4Hv mL,  Q1Hu mL = J3Hv mL,  HHu mL = J1HvL,

H1Hu mL = J2HvL, where v = p u ê2KHmL. 

The Neville theta functions can be defined in terms of the theta functions as JsHuL = 2KHmL J1Hv mL ê

pJ1
£ H0 mL,  JcHuL = J2Hv mL êJ2H0 mL,  JdHuL = J3Hv mL êJ3H0 mL,  JnHuL = J4Hv mL êJ4H0 mL,  where  v = p u ê2KHmL.

The Jacobi elliptic functions can be represented as ratios of the Neville theta functions. 

The Weierstrass elliptic function WeierstrassP@u, 8g2, g3<D can be considered as the inverse of

an  elliptic  integral.  The  Weierstrass  function  ƒHu; g2, g3L  gives  the  value  of  x  for  which

u = Ÿ¶
x
I4 t3 - g2 t - g3M

-1ê2
„ t.  The  function  WeierstrassPPrime@u, 8g2, g3<D  is  given  by

ƒ£Hu; g2, g3L =
∂

∂u
ƒHu; g2, g3L. 

The Weierstrass functions are also sometimes written in terms of their fundamental half-periods

w and w£, obtained from the invariants g2 and g3 using WeierstrassHalfPeriods@8u, 8g2, g3<D. 

The  function  InverseWeierstrassP@p, 8g2, g3<D  finds  one  of  the  two  values  of  u  for  which

p = ƒHu; g2, g3L.  This value always lies in the parallelogram defined by the complex number half-

periods w and w£. 

454     Mathematics and Algorithms



The  function  InverseWeierstrassP@p, 8g2, g3<D  finds  one  of  the  two  values  of  u  for  which

p = ƒHu; g2, g3L.  This value always lies in the parallelogram defined by the complex number half-

periods w and w£. 

InverseWeierstrassP@8p, q<, 8g2, g3<D finds the unique value of u for which p = ƒHu; g2, g3L and

q = ƒ£Hu; g2, g3L.  In  order  for  any  such  value  of  u  to  exist,  p  and  q  must  be  related  by

q2 = 4 p3 - g2 p - g3. 

The  Weierstrass  zeta  function  WeierstrassZeta@u, 8g2, g3<D  and  Weierstrass  sigma  function

WeierstrassSigma@u, 8g2, g3<D  are  related  to  the  Weierstrass  elliptic  functions  by

z£Hz; g2, g3L = -ƒHz; g2, g3L and s£Hz; g2, g3L êsHz; g2, g3L = zHz; g2, g3L. 

The  Weierstrass  zeta  and  sigma  functions  are  not  strictly  elliptic  functions  since  they  are  not

periodic. 

Elliptic Modular Functions

DedekindEta@tD Dedekind eta function hHtL

KleinInvariantJ@tD Klein invariant modular function JHtL

ModularLambda@tD modular lambda function lHtL

Elliptic modular functions. 

The modular lambda function ModularLambda@tD relates the ratio of half-periods t = w£ êw to the

parameter according to m = lHtL. 

The  Klein  invariant  modular  function  KleinInvariantJ@tD  and  the  Dedekind  eta  function

DedekindEta@tD satisfy the relations D = g2
3 ëJHtL = H2 pL12 h24HtL. 

Modular elliptic functions are defined to be invariant under certain fractional linear transforma-

tions of their arguments. Thus for example lHtL is invariant under any combination of the trans-

formations t Ø t + 2 and t Ø t ê H1 - 2 tL. 
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Generalized Elliptic Integrals and Functions

ArithmeticGeometricMean@a,bD the arithmetic-geometric mean of a and b

EllipticExp@u,8a,b<D generalized exponential associated with the elliptic curve 
y2 = x3 + a x2 + bx

EllipticLog@8x,y<,8a,b<D generalized logarithm associated with the elliptic curve 
y2 = x3 + a x2 + bx

Generalized elliptic integrals and functions. 

The  definitions  for  elliptic  integrals  and  functions  given  above  are  based  on  traditional  usage.

For modern algebraic geometry, it is convenient to use slightly more general definitions. 

The  function  EllipticLog@8x, y<, 8a, b<D  is  defined  as  the  value  of  the  integral
1
2 Ÿ¶

x
It3 + a t2 + b tM-1ê2 „ t, where the sign of the square root is specified by giving the value of y such

that  y = x3 + a x2 + b x .  Integrals  of  the  form  Ÿ¶
x
It2 + a tM-1ê2 „ t  can  be  expressed  in  terms  of  the

ordinary  logarithm  (and  inverse  trigonometric  functions).  You  can  think  of  EllipticLog  as

giving  a  generalization  of  this,  where  the  polynomial  under  the  square  root  is  now  of  degree

three. 

The  function  EllipticExp@u, 8a, b<D  is  the  inverse  of  EllipticLog.  It  returns  the  list  8x, y<

that  appears in  EllipticLog.  EllipticExp  is  an elliptic  function,  doubly periodic  in  the com-

plex u plane. 

ArithmeticGeometricMean@a, bD gives the arithmetic-geometric mean (AGM) of two numbers a

and b. This quantity is central to many numerical algorithms for computing elliptic integrals and

other functions. For positive reals a and b the AGM is obtained by starting with a0 = a, b0 = b, then

iterating the transformation an+1 =
1
2
Han + bnL, bn+1 = an bn  until an = bn to the precision required. 
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Mathieu and Related Functions

MathieuC@a,q,zD even Mathieu functions with characteristic value a and 
parameter q

MathieuS@b,q,zD odd Mathieu functions with characteristic value b and 
parameter q

MathieuCPrime@a,q,zD
 and MathieuSPrime@b,q,zD

z derivatives of Mathieu functions

MathieuCharacteristicA@r,qD characteristic value ar for even Mathieu functions with 
characteristic exponent r and parameter q

MathieuCharacteristicB@r,qD characteristic value br for odd Mathieu functions with 
characteristic exponent r and parameter q

MathieuCharacteristicExpone-
nt

@

a,qD

characteristic exponent r for Mathieu functions with charac -
teristic value a and parameter q

Mathieu and related functions. 

The  Mathieu  functions  MathieuC@a, q, zD  and  MathieuS@a, q, zD  are  solutions  to  the  equation

y££ + @a - 2 q cos H2 zLD y = 0.  This equation appears in many physical  situations that involve elliptical

shapes or periodic potentials. The function MathieuC  is defined to be even in z, while MathieuS

is odd.

When q = 0 the Mathieu functions are simply cos I a zM and sin I a zM. For nonzero q, the Mathieu

functions  are  only  periodic  in  z  for  certain  values  of  a.  Such  Mathieu  characteristic  values  are

given by MathieuCharacteristicA@r, qD and MathieuCharacteristicB@r, qD with r an integer

or rational number. These values are often denoted by ar and br. 

For integer r, the even and odd Mathieu functions with characteristic values ar  and br  are often

denoted c er Hz, qL and s er Hz, qL, respectively. Note the reversed order of the arguments z and q. 

According to Floquet’s Theorem any Mathieu function can be written in the form ei r z f HzL, where

f HzL  has  period  2 p  and  r  is  the  Mathieu  characteristic  exponent

MathieuCharacteristicExponent@a, qD.  When  the  characteristic  exponent  r  is  an  integer  or

rational number, the Mathieu function is therefore periodic. In general, however, when r is not a

real integer, ar and br turn out to be equal. 
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This shows the first five characteristic values ar as functions of q. 

In[1]:= Plot@Evaluate@Table@MathieuCharacteristicA@r, qD, 8r, 0, 4<DD, 8q, 0, 15<D

Out[1]=
2 4 6 8 10 12 14

-20

-10

10

20

Working with Special Functions

automatic evaluation exact results for specific arguments

N@expr,nD numerical approximations to any precision

D@expr,xD exact results for derivatives

N@D@expr,xDD numerical approximations to derivatives

Series@expr,8x,x0,n<D series expansions

Integrate@expr,xD exact results for integrals

NIntegrate@expr,xD numerical approximations to integrals

FindRoot@expr==0,8x,x0<D numerical approximations to roots

Some common operations on special functions. 

Most special functions have simpler forms when given certain specific arguments. Mathematica

will automatically simplify special functions in such cases. 

Mathematica automatically writes this in terms of standard mathematical constants. 

In[1]:= PolyLog@2, 1 ê 2D

Out[1]=
p2

12
-
Log@2D2

2

Here again Mathematica reduces a special case of the Airy function to an expression involving 
gamma functions. 

In[2]:= AiryAi@0D

Out[2]=
1

32ë3 GammaB 2

3
F

For  most  choices  of  arguments,  no  exact  reductions  of  special  functions  are  possible.  But  in

such  cases,  Mathematica  allows  you  to  find  numerical  approximations  to  any  degree  of  preci-

sion. The algorithms that are built into Mathematica cover essentially all values of parameters~

real and complex~for which the special functions are defined. 
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For  most  choices  of  arguments,  no  exact  reductions  of  special  functions  are  possible.  But  in

such  cases,  Mathematica  allows  you  to  find  numerical  approximations  to  any  degree  of  preci-

sion. The algorithms that are built into Mathematica cover essentially all values of parameters~

real and complex~for which the special functions are defined. 

There is no exact result known here. 

In[3]:= AiryAi@1D

Out[3]= AiryAi@1D

This gives a numerical approximation to 40 digits of precision. 

In[4]:= N@AiryAi@1D, 40D

Out[4]= 0.1352924163128814155241474235154663061749

The result here is a huge complex number, but Mathematica can still find it. 

In[5]:= N@AiryAi@1000 IDD

Out[5]= -4.780266637767027µ106472 + 3.674920907226875µ106472 Â

Most special functions have derivatives that can be expressed in terms of elementary functions

or  other  special  functions.  But  even  in  cases  where  this  is  not  so,  you  can  still  use  N  to  find

numerical approximations to derivatives.

This derivative comes out in terms of elementary functions. 

In[6]:= D@FresnelS@xD, xD

Out[6]= SinB
p x2

2
F

This evaluates the derivative of the gamma function at the point 3. 

In[7]:= Gamma‘@3D

Out[7]= 2
3

2
- EulerGamma

There is no exact formula for this derivative of the zeta function. 

In[8]:= Zeta‘@PiD

Out[8]= Zeta£@pD
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Applying N gives a numerical approximation. 

In[9]:= N@%D

Out[9]= -0.167603

Mathematica incorporates a vast amount of knowledge about special functions~including essen-

tially all the results that have been derived over the years. You access this knowledge whenever

you do operations on special functions in Mathematica. 

Here is a series expansion for a Fresnel function. 

In[10]:= Series@FresnelS@xD, 8x, 0, 15<D

Out[10]=
p x3

6
-

p3 x7

336
+

p5 x11

42240
-

p7 x15

9676800
+ O@xD16

Mathematica knows how to do a vast range of integrals involving special functions. 

In[11]:= Integrate@AiryAi@xD^2, 8x, 0, Infinity<D

Out[11]=
1

32ë3 GammaB 1

3
F
2

One  feature  of  working  with  special  functions  is  that  there  are  a  large  number  of  relations

between different functions, and these relations can often be used in simplifying expressions. 

FullSimplify@exprD try to simplify expr using a range of transformation rules

Simplifying expressions involving special functions. 

This uses the reflection formula for the gamma function. 

In[12]:= FullSimplify@Gamma@xD Gamma@1 - xDD

Out[12]= p Csc@p xD

This makes use of a representation for Chebyshev polynomials. 

In[13]:= FullSimplify@ChebyshevT@n, zD - k Cos@n ArcCos@zDDD

Out[13]= -H-1 + kL Cos@n ArcCos@zDD

The Airy functions are related to Bessel functions. 

In[14]:= FullSimplify@3 AiryAi@1D + Sqrt@3D AiryBi@1DD

Out[14]= 2 BesselIB-
1

3
,
2

3
F
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FunctionExpand@exprD try to expand out special functions

Manipulating expressions involving special functions. 

This expands the Gauss hypergeometric function into simpler functions. 

In[15]:= FunctionExpand@Hypergeometric2F1@1 ê 2, 3 ê 2, 3, xDD

Out[15]=
16 H2 - xL EllipticE@xD

3 p x2
+
16 H-2 + 2 xL EllipticK@xD

3 p x2

Here is an example involving Bessel functions. 

In[16]:= FunctionExpand@BesselY@n, I xDD

Out[16]= -
2 HÂ xL-n xn BesselK@n, xD

p
+ BesselI@n, xD I-HÂ xL-n xn + HÂ xLn x-n Cos@n pDM Csc@n pD

In this case the final result does not even involve PolyGamma. 

In[17]:= FunctionExpand@Im@PolyGamma@0, 3 IDDD

Out[17]=
1

6
+
1

2
p Coth@3 pD

This finds an expression for a derivative of the Hurwitz zeta function. 

In[18]:= FunctionExpand@Derivative@1, 0D@ZetaD@-1, 4DD

Out[18]=
1

12
+ 2 Log@2D + 3 Log@3D - Log@GlaisherD
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